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1. Introduction 

Amongst four dimensional quantum field theories the Af = 4 supersymmetric theories 
for any non abelian gauge group enjoy a very special status. As was surmised from their 
advent they are finite and have the maximal possible supersymmetry if gravity is excluded. 
For a gauge group SU(n) the theory is parameterised by the coupling g together with 
the associated vacuum angle 9 and the moduli corresponding to non zero expectation 
values of various scalar fields. In this case there are exact duality symmetries as was 
also conjectured long ago by Montonen and Olive 0. Conversely at the special point 
where all expectation values are zero and there are no mass scales the theory has Af = 4 
superconformal symmetry. 

Despite its intrinsic interest a full analysis of the consequences of Af = 4 superconfor- 
mal symmetry in four dimensions, which corresponds to the supergroup PSU(2, 2|4), has 
yet to be completed, primarily due to the lack of a straightforward superfield formalism. 
Primarily for Af = 2, superconformal identities for correlation functions of various oper- 
ators [D,||,f|,[5],|6| have been obtained using harmonic superspace methods and such results 
have also been extended to the Af = 4 case. It is particularly desirable to explore fully the 
implications for four point correlation functions since in this case the ordinary conformal 
group leaves these undetermined up to one or more arbitrary functions of two conformal 
invariants it, v. 

Previously |7j , see also || , we discussed the four point function of four Af = 1 chiral 
superfields when eight linear differential equations involving four functions of u, v were 
derived. Taking into account crossing symmetry constraints there was a unique solution 
up to an overall constant. However this four point function was unphysical in that for it 
to be non zero the scale dimensions of the fields had to be below their unitarity bound. 
In general superconformal symmetry relates correlation functions for the different fields in 
each supermultiplet which are expressed in terms of the correlation functions for the lowest 
weight (or dimension) operators in each supermultiplet. For Af = 2, 4 superconformal 
symmetry there are potential additional constraints on correlation functions of the lowest 
weight operators themselves when some of these fields belong to short supermultiplets of the 
superconformal group. Any supermultiplet forming a representation of the superconformal 
group may be generated by the successive action of superconformal transformations on a 
lowest weight operator with the scale dimension increasing by i between each level. Here 
operators belonging to level n are obtained by n superconformal transformations acting on 
the lowest weight operators. The operators present at each level are naturally classified in 
terms of representations of the R symmetry and spin group. If d is the number of lowest 
weight operators with scale dimension A, corresponding to an irreducible representation of 
the i?-symmetry group and spin group with dimension d, then in a generic long multiplet, 
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without any restriction on A, there are 2 8 d or 2 16 <i, for M = 2 or TV = 4, operators 
in the supermultiplet and n max = 8 or 16 respectively. For the simplest B PS-like short 
supermultiplets one of the representations, which would be present in a general multiplet, 
is missing at the first level, so that there are less than 8d or 16<i, for M = 2 or M = 4, 
operators with dimension A + \ . Under the action of superconformal transformations there 
are consequential restrictions on the representation content at higher levels leaving then a 
truncated multiplet with a reduced maximum level. Such short multiplets are present only 
if the lowest weight operator belongs to particular representations and has a corresponding 
value of A 0. 

For Af = 4, the AdS/CFT correspondence may be applied most simply to obtain 
correlation functions for chiral primary operators which are scalar fields transforming under 
the SU(4) /^-symmetry according to the representations with Dynkin labels [0,p, 0], p = 
2,3,.. ., and having scale dimension A = p. These are the lowest weight operators for 
short supermultiplets whose total dimension is proportional to 2 8 and n max = 4. The 
existence of constraints at the first level under superconformal transformations leads to 
integrability conditions for four point correlation functions of such chiral primary operators 
which become linear differential relations on the associated invariant functions of u, v . 

In this paper we mostly consider M = 4 superconformal symmetry for correlation 
functions involving the short supermultiplet for p = 2, when the representation [0, 2, 0] 
has dimension 20, which is the simplest case of relevance. This example is of particular 
significance since this supermultiplet contains the energy momentum tensor as well as the 
/^-symmetry current. Even in this case the short multiplets are quite large so in some cases 
we consider also examples with M = 2 and even M = 1 superconformal symmetry. Our 
discussion is based on using directly the superconformal transformation properties of the 
component fields in each supermultiplet without any need for considering superspace. Al- 
though in general superspace techniques provide considerable calculational simplifications 
this is perhaps less evident for M = 4. The crucial integrability conditions arise just by 
considering the action of superconformal transformations on the lowest weight operators. 
However for illustration we give the full superconformal transformations for all fields in the 
p = 2 supermultiplet since this allows us to obtain some results for correlation functions 
involving the energy momentum tensor itself. 

For the four point function of four chiral primary operators with p = 2 the integrability 
conditions necessary for superconformal symmetry give six linear differential relations on 
the initially six independent functions of u, v corresponding to the number of irreducible 
representations appearing in the tensor product [0, 2, 0] ® [0, 2, 0] . The corresponding result 
for J\f = 2 using harmonic superspace was given in [El and this was extended to M = 4 for 



the four point function of interest here in [1C]. Without imposing any conditions following 
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from crossing symmetry the linear partial differential equations may be solved in terms of 
one arbitrary function Q of u, v as well as some single variable functions. Here we express 
these as functions of z,x which are related to u, v by u = zx, v = (1 — z)(l — x). The 
essential dynamics is then contained in Q(u,v). 

It is our aim to relate the general analysis of superconformal invariance for the four 
point function to the operator product expansion. Previous discussions, both for weak 
coupling using 0(g 2 ) perturbative results [JTTf] and also for strong coupling for large N using 
results from the AdS/CFT correspondence ||12|| , have considered the contributions in the 
operator product expansion to the four point function of operators belonging to different 
SU(4) representations independently. The various operators in the same supermultiplet 
must of course have related scale dimensions and hence for a long supermultiplet the same 
anomalous dimensions. However for operators of free dimension 4 and higher in Af = 4 
supersymmetric gauge theories there are in general several with same spin and belonging to 
the same SU(4) representation. In such situations there can then be a complicated mixing 
problem to solve before the independent anomalous dimensions can be disentangled. In 
this work we consider the contribution of complete supermultiplets, in both long and 
short representations, to the operator product expansion which thereby avoids having to 
consider operator mixing unless there are degenerate supermultiplets in the free theory. 
The contribution of a supermultiplet in the operator product expansion to the four point 
correlation function satisfies the necessary superconformal identities, although not the 
crossing symmetry properties, of the full correlation function. Using a basis for the six 
invariant functions of u,v, denoted by Ar(u, v), which correspond to contributions of 
operators in the operator product expansion belonging to SU (4) representations labelled 
by their dimensions R = (1, 15, 20, 84, 105, 175), then constraints arise since they each may 
be expressed in terms of just the single function Q(u,v). 

For application to long supermultiplets the essential observation is that, if the low- 
est weight operator is a SU(4) singlet, there is just one operator in the supermultiplet 
belonging to the representation of dimension 105. It is convenient to therefore take 
Ai 05 (u,v) = u 4 G(u,v) which then gives the remaining Ar(u,v) in terms of Q(u,v) 
multiplied by simple polynomials in u,v. For a single long supermultiplet we take 
Aio5(u,v) = u^( a+4 ~ £ ^g£\ 4 (u,v), which represents the contribution of a single opera- 
tor of dimension A + 4 and spin I (so that the SO(3 : 1) representation is where 
I = 2j), together with its derivatives, in the operator product expansion. Explicit simple 
formulae, in four dimensions, for (u, v) were found by us |T3[] earlier which are natu- 
rally expressed in terms of the variables z, x mentioned above. Using various recurrence 
relations, which may be derived from this explicit result, the other Ar(u, v) may then be 

(£') 

expressed as a sum of contributions involving G A , (u, v), for suitable A', £ , corresponding 
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to operators in the operator product expansion with dimension A' and spin £'. Depending 
on R, A' ranges from A to A + 8 and £' from £ — 4 to £ + 4. The associated operators 
correspond exactly with those expected in a long supermultiplet where the lowest weight 

operator is a singlet of dimension A and spin £. A crucial consistency check is that the 

(£' ) 

coefficients of all G A , (u, v ) are positive, as required by unitarity. 

We also consider the role of the single variable functions of z, x which are present 
in the general solution of the superconformal identities as well as Q(u,v). There are two 
such functions for the case of interest here and they are related to the operator product 
expansion for various short multiplets which have no anomalous dimensions. This ties 
in nicely with the argument [[10] that these functions receive no perturbative corrections 
beyond the free theory form. 

An alternative approach to discussing the compatibility of the operator product expan- 
sion with superconformal symmetry, as expressed in the reduction of the operator product 
contributions for a representation R to the four point function Ar in terms of a single 
unknown conformal invariant Q(u, v) were given in [I3J. Our results are in accord with 



but go further in that they identify a special role for A105 and make extensive use of the 



explicit form for G A (u, v) obtained in [|13|. In our approach, besides the contributions of 
the well known || short multiplets with lowest weight operators scalar fields belonging to 
the 20, 105 and 84 dimensional representations, there are also in general supermultiplets 
with lowest weight operators in the 20 and 15-representations which have protected scale 
dimensions A = £ + 4, for spin £ = 0, 2, . . . and £ = 1,3,... respectively. The existence of a 
protected scalar operator with A = 4 contributing to the operator product expansion for 



the four point function was shown in 12,11 and discussed further in [13,0,0 



With the aid of this formalism it is easy to rederive and extend results for both weak 
and strong coupling. Thus the Konishi supermultiplet and its higher spin partners, which 
in free field theory have scale dimension A = £ + 2, £ = 0,2..., develop an anomalous 
dimension to first order in g 2 , 



2tt 2 ^ j 
i=i J 



which extends the results of Anselmi [17] for the first three cases. Our results allow this 
to be extended to cases when the free field dimension is A = I + 2£, t = 2, 3, . . . when the 
anomalous dimensions are 0(g 2 N/N 2 ) for large N. Corresponding results are for large g 2 N 
and large iV using results |T^] from supergravity calculations in the AdS / CFT correspon- 
dence for §{u,v). In this discussion we adopt the simplest assumption of neglecting any 
possible mixing between supermultiplets contributing to the operator product expansion 
having the same quantum numbers at zeroth order in g 2 or 1/N. This requirement is of 
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course not valid for individual operators in SU(N) M = 4 supersymmetric gauge theories 
but, without as yet a detailed analysis, does not seem to be invalid for complete supermulti- 
plets. If this does not hold, and further the assumption that the lowest dimension operator 
in a long supermultiplet with A unrestricted is a SU(4)r singlet needs modification, then 
analysis of the four point function of chiral primary operators belonging to the p = 2 
supermultiplet by itself is not sufficient to determine the full spectrum of operators con- 
tributing to the operator product expansion. Our results are fully consistent with U(1)y 



bonus symmetry []19|j20f[ , where U(1)y is an external automorphism of PSU(2, 2|4) which 
acts analogously to the U(1)r /^-symmetry group in M = 1 superconformal symmetry and 
also to U(l) E U(2) R for TV = 2. 

The arrangement of this paper is then as follows. In the next section, following a sim- 
pler discussion for M = 1, 2 superconformal symmetry we list the fields belonging to the 
p = 2 short supermultiplet containing the energy momentum tensor and then describe their 
transformations under M = 4 superconformal symmetry verifying the required closure of 
the superconformal algebra. In section 3 we consider the two and three point functions for 
this supermultiplet showing how these may be determined by using superconformal trans- 
formations in terms of the two and three point functions for the lowest dimension chiral 
primary operators. By successive superconformal transformations the three point function 
of the energy momentum tensor is derived starting from the basic three point function 
for three chiral scalars belonging to the 20 dimensional representation. In section 4 the 
analysis is extended to the case when one of the operators belongs to a long supermultiplet. 
We recover from the superconformal transformation rule for a lowest weight scalar field 
belonging to a SU (4)^ [q,p, q] representation the usual conditions for multiplet shortening 
by determining the values of the dimension A when superconformal transformations on the 
lowest weight operator have a non trivial cokernel at the first level. Singlet operators may 
contribute to the three point function for arbitrary scale dimension A but we show that 
for non singlet operators A is constrained. In section 5 we obtain the necessary integra- 
bility conditions on the four point function of chiral primary operators which follow from 
M = 2 and M = 4 superconformal symmetry. The resulting linear differential equations are 
solved in section 6 and used to express the different Ar, which correspond to contributions 
from representation R to the four point function, in terms of a single invariant function 
Q(u,v). Sections 7 and 8 then describe the analysis in terms of the operator product ex- 
pansion making clear how the contributions of long and various short supermultiplets may 
be separated. In accord with section 4 we find that there are contributions associated with 
operators belonging to the 20 and 15 dimensional representations where A = 4 + £, for I 
even or odd respectively. These results are applied in the M = 4 case for weak coupling 



and formulae for anomalous dimensions are obtained including ( |1 . 1| ) . Where appropriate 
they are identical with previous results. 
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Several technical details are contained in four appendices. Appendix A lists our con- 
ventions for SU(4) gamma matrices together with other relevant notation and also contains 
some of the algebraic details necessary for the derivation of the integrability conditions for 
the M = 4 four point function in section 5. Appendix B describes the short multiplet 
based on a [0, p, 0] chiral primary operator and also discusses the shortening conditions 
for multiplets whose lowest weight operator belongs to the (J, 0) spin representation, ex- 
tending the results of section 4. Appendix C exhibits the result obtained in [|13| for the 
contribution of an operator A and spin I in the operator product expansion for the four 
point function and then derives recurrence relations, using properties of standard hyper- 
geometric functions, for |(1 ± v )G^(u, v) in terms of G^,(u, v) for suitable A', £'. These 
relations, which are analogous in the ordinary partial wave expansion to results such as 
(21 + l)zPi(z) = (I + l)Pe+i(z) — £Pi-i(z) for Legendre polynomials, are required to ob- 
tain the operator product expansion results compatible with superconformal symmetry in 
sections 7 and 8. Finally in appendix D we use general relations for AdS/CFT integrals 
to show how the supergravity results in [18] may be reduced to a form in agreement with 
superconformal symmetry and also significantly simplified to a single D function defined 
by integrals on AdSs. 



2. Superconformal Transformations on Fields 

The action of an infinitesimal conformal transformation on fields with a finite number 



of components is straightforward. A quasi-primary field 0(x), following ||21|1 , transforms 
as 

50 = -vdO- \u ab s ah O- AAO, (2.1) 

where A is the scale dimension and s a b = — s& a are the appropriate spin matrices, obeying 
the algebra of 57(2, C) or 0(3, 1), acting on O. For a general conformal transformation we 
have 

v a (x) =a a + uo a h x b + Xx a + b a x 2 - 2b-x x a , 

(2.2) 

X(x) = A — 2b-x , u ab (x) = u ab + 4b^ a x b] , 

where v a is a conformal Killing vector and A, ui ab represent associated local infinitesimal 
scale transformations, rotations. In four dimensions for extension to supersymmetry it is 
more useful to rewrite in terms of spinor notation^ 

v(x) = a + o)x — xu; + A x + xbx , (2-3) 



1 Thus 4-vectors are identified with 2x2 matrices using the hermitian u-matrices 
cr a , cr a , cr (a a b ) = -rjabl, x a -» x ad = x a (a a ) a a, x aa = x a (u a ) aa = t a<i e^xpp , with inverse 



x a = — itr(cr a x). We have x-y = x a y a = — |tr(xy). 
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where u% -> = -|w ab (a a a 6 ) Q ^, u) & = -\u ah {a a a h ) & 0. With the definition in (^) 
we then have 

^"(l) =^ a /3 + i(xb-bi) Q /3 , ^(z) =^ + ±(xb-bx)V (2.4) 



For the superconformal group SU(2,2\Af) in four dimensions the conformal group 
SU (2,2) is extended by the usual Grassman supertranslations e/*, e* a and also their 
conformal extensions fjia, T\ % ai i = 1, . . .A/", as well as the appropriate .R-symmetry group. 
The critical cases are of course M = 2 and M = 4, when the superconformal group 
reduces to PSU(2, 2|4) by removal of an ideal, although for orientation we briefly consider 
M = 1. The formulae for infinitesimal supertransformations are naturally written in terms 
of Killing spinors, 

if*(x) = e? -ifj^ a , e id (x) = e id + ix &a r ] i a . (2.5) 



For Af = 1 we consider just the complex component fields, cp, ip a , F belonging to a 
chiral scalar superfield for which the crucial transformation rules, dropping the index i for 
this case, are 

dip = e a ip a , 

<^ Q = 2id a ^t & +4q^r] a +e a pe p F (2.6) 
SF = 2i £ d /0^% t a - 4(g - 1) e Q % ri a , 

The algebra is readily seen to close on an ordinary conformal transformation together with 
a U(1)r transformation, 

[5 2 ,5i]ip = - v-dip -qaip, 

[<5 2 , Si]ip a = - v-dipa + u a i)p - ((<? - |)<7 + a)^ a , (2.7) 
[S 2 , 5x]F = - vdF - ((q - l)a + 2a)F , 

for 

v = 4z(l 1 e 2 -l 2 e 1 ), (2.8) 

and 

<? = 4(e 2 77i - eirys) , cr = 4(%l 2 - r7 2 ei) , uj - \S a p a = 4(ryi a e/ - 1 2) . (2.9) 



It is easy to see that (|2.8|) can be expanded in the form Q2.3|) showing that the right hand 
side of (2/7) is of the form of a conformal transformation as in (|2.1|) with A = \{a + a), 



and with the coefficient of a — a corresponding to the U(1)r charge. In ( |2.6|) q is then the 
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scale dimension of <p, for free fields q = 1, but as is well known [22], it also determines the 
U(1)r charge. 

For M = 2 we consider the simplest gauge invariant short multiplet involving scalar 
fields (p l i = <£> Jl , p, t, spinors -i/> l a , Xi a an d a conserved vector J a &, d aa J a a = 0, with 
i,j = 1,2 here SU(2) indices. The action of supersymmetry transformations generating 
the short supermultiplet from <£> lJ is conveniently summarised diagrammatically, with e 
and e corresponding to / and \ respectively, as follows 



P J act 

In detail the transformation formulae are 

W a = 2i d a& cp ij if + 8 cp ij r) ja + p e aP e 1(3 + e ij J a J? 



2i e> a d aa SikSji^ 1 + 8^ E ik Eji^ 1 + e a 0e? r - ey e ja J aa , 



ki 



5p = 2i s a $d^^ tf - 4 £ Q V/? Vja , 

- i e lJ Xjpdaa ef + 2i e a0 e^e lJ Xj^ 1<3 % P + 6 Via e lJ x ja 
The coefficients are determined by closure of the algebra to give 



[faifaWoc 

[fa,fa]x ia 
[fa,fa]p 

[fa, 5i]J aa 



- vd<p ij - (a + a)<p ij + t\y ki + t\^ k , 

- v-di>\ + CoJ^p - (a + §ff)V> a + VrfcL , 

~ vdXia ~ Xi(3 <^a - (|cr + a)x l6t - XjJ J i , 

- v-dp - (a + 2a)p , 

- v-df — (2a + a)f , 

- V-dJ a a + U a P Jpa - Jafi^ a - |((T + &)J a , 



(2.10) 



;2.ii) 



(2.12) 



Here, in addition to (2TB") and (|2.9| ) with implicit summation over the 577(2) indices, we 

u a p + \5 a pa = 4 (h%i> - 1 <- 2) , 
+ 5^(0 -a)= 4(e 1 iQ r 72jQ + rjjMj - 1 <- 2) . 



(2.13) 



t l j, t\ = 0, represents an infinitesimal SU(2) transformation of the fields which is part of 
the U(2) i?-symmetry group in this case. In ( |2.11| ) the result for 5J aa is also compatible 
with the conservation equation d aa J aa = 0, which is necessary to obtain the result for 
[<5>2, 8\\ J aa . For each field ( |2.12|) is of the required form 



[$2, h]0 = -v-OO -Ah(a + a)0 + r±(a - a)0 - \u ah s ab O + t a R a O 



(2.14) 



where r is the U(1)r charge, R a are the appropriate generators of SU (2)r with t a = tr(tr a ), 
for r a the usual Pauli matrices. 

For Af = 4 the fields in the corresponding self-conjugate short supermultiplet prolifer- 
ate. For the appropriate 577(4) i?-symmetry and spin representations they are listed, with 
the necessary constraints, in the table below. 



QTT I A \ 

ou (^4 J rep 


QTT ( A\ ^Nwi 

ou ^4J aim 




nelu 


field constraints 


field dim 


[0,2,0] 


20 


(0,0) 


frs 


(f rs = ip( rs ), (f rr = 


20 


[0,1,1] 


20 


(1,0) 




Irtpr = 


40 


[1,1,0] 


20 


(o,|) 


If) ra 


VVTr = 


40 


[0,1,0] 


6 


(1,0) 


fra/3 


frap = fr(ap) 


18 


[0,1,0] 


6 


(0,1) 


fra/3 


f rap fr(a/3) 


18 


[0,0,2] 


10 


(0,0) 


Pij 


Pij = P(ij) 


10 


[2,0,0] 


10 


(0,0) 


pij 




10 


[1,0,1] 


15 


( l l ) 

V2' 2> 


J rsaa 


j j ftaa j n 

•Jrsaa "[rsjaa, " <Jrsaa U 


45 


[0,0,1] 


4 


&°) 


^ia 




8 


[1,0,0] 


4 


(o,|) 






8 


[1,0,0] 


4 


(1,1) 




^aPa = ^(ap)a, d aa ^ a pa = 


16 


[0,0,1] 


4 


(1,1) 


^iOLOLp 


^aap = *a(A/3), aap = 


16 


[0,0,0] 


1 


(0,0) 






1 


[0,0,0] 


1 


(0,0) 






1 


[0,0,0] 


1 


(1,1) 


Tapap 


Tapap = T(ap)(a0), d aa T a p a p = 


5 



Here i, j = 1, . . .4 are SU (4) indices and r, s = 1, . . . 6 correspond to 50(6), other details 
of the notation are given in appendix A. The matrices 7^ = —7^ and 7^ = —^ r ji give the 
explicit identification of the 6-dimensional representation of 50(6) with the antisymmetric 
tensor products 4x4 and 4x4 for SU(4). From the last column it is easy to see that 
there are 128 bosonic and also 128 fermionic degrees of freedom. This is the simplest 
gauge invariant supermultiplet arising in Af = 4 supersymmetric gauge theories, besides 
the SU(4) current it of course contains the energy momentum tensor. For Af = 4 gauge 
theories $ oc F 2 + iFF, where F is the field strength and F is its dual. 



In a similar fashion to (|2.10| ) the supersymmetry transformations on this multiplet 
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may be represented diagrammatically by 



5 



A 

2 lf rs 

/ \ _ 

9 Ipira 1p'' ra 

/ \ X \_ 

3 frafii Pij Jrsota fra(3i P ^ 

/ \ / \ / \ 



a 



/ \ / \ 

y 2 | 1 | -i -1 -| -2 

(2.15) 

where we list the scale dimension A and also the y-charge corresponding to the £7(1) y 
bonus symmetry [fI9 |. Disregarding those which may be obtained by conjugation the rele- 
vant supersymmetry transformations are, suppressing explicit SU(4) indices when conve- 
nient by assuming for example i/j roi is a column vector with i\) ra \ its transpose, then 

6<p rs = - £7( r V S ) + V , (r7s)t , 

5tp ra = id a6t if rs ^ s t a + <i<p rs %r] a - f ra pe /3t - \ f sa plrl s e 0t 
+ pe a pe l3t + Jrsaa 7«e a + \ Jsta6t 7r-7s7te a > 
= 2z t Q + 12 if, r \ a Vp) - e {ah e^ lr X p) + 2 VlfH 7, t d , 

(5^ = - i e & pe kl3 % k (id aa Aj) a + 2 £ a/ ^ 7rfc(i Vv?)a + £(* Aj) , 

5Jrsad = 2Z £ /3 7[r^ S ]a^ad ~ « C^rV^Xd - 6 ?J d 7[ r ^ s ] a 

rd 7s] Vet 

+ e^7[r7«] ^/?ad + # ad/3 7[r7s] ^ , 

5A Q = z frajdpa 7r e° + 2 e Pl f rctl ^ r r]p + 2i d aa pe a + 12 p ?? a + $ e^e^ , 

5^a/3d = - |* fraf3d la 'y r p t + \l f rj ( a dp) & 7 r P * + ^ f ra f3 lr V a! 

- \i <9( a7 J rs p)a 7r7s e 7 + ^( a « ^s/3) 7 7r7s - I J rS (ad 7r7s ^7/3) 
+ Tapa/3 ^ 7 

5$ = 2z £a/ jl^a cia A a - 8e a %*A a , 
ST a pa$ = 2ze 7 9 7(d ^ Q/3/ 3) - ze 7 9 (a(fi * 7 | / 3)/3) - 10r/( Q * a /3/j) 

- 2z ^( aa 0f3)^ I 7 + i ^( Q (d|7 < 9a)/j) e 7 - 10 ^( Q d/j ?7/3) • ( 2 -16) 

10 



These formulae are consistent with the conservation equations listed in the table and lead 
to 

[82, Sl]ip rs = - V-dfrs - 2A ip rs + t rt ifts + t st (f r t , 
[fa, h]tpira = ~ V-dlpi ra + U a P 1p ir p - \Xlp ira + U 1p jra + t rs 1p isa , 
[^2; 8l]fra/3 = — V-df ra p + u) a 7 f rl /3 + Up 1 frct-y ~ 3A f ra p + t rs f sa p , 

[82, h]pa = - v-dpij - 3Xpij + U k p k j + ij k pik , 

\$2i 8\\JrsoLa V'O ^JrsoLa "t - &a JrsPa Jrsatp ^ a 3A Jolol t r t Jtsaa t s t Jrtaa 5 
[82, 8i]\i a = — V-d\ ia + LUa^Xip — |A Xi a + Xj a , 

[82, 8i]¥ a p & = - v-d¥ a p & + u^^pa + <V*a 7 d - Kpp & $ » - fX ¥ ap6l - <fipjj l , 
[82,8i]T a p&p = —v-dT a pap + u a 1 T 1 pc e p + ^p 1 T cel a$ — T a p^p u 1 & — T^p^^p 
— 4A T a pap , 

[S 2: 5i]®= - v-d$ - 4A $ . (2.17) 
The definition of v a is as in (|2.8|) while 



(2.18) 



i rs = - 2(ei7 [r 7 s] ?72 - V2l[rls]h - 1 2) , 
ii J = 4(eij r}2> - rj2i h J - trace(ij) - 1 <-> 2) 



generate local SU(4) transformations and 



LO, 



P ~ 4(t7iL e 2 f - trace(a/3) - 1 ~ 2) , Q & p = 4(tr mip - trace(d/3) - 1 ~ 2) 



A = 2(e 2 r7i + r\{t 2 - 1 <-> 2) , 
represent infinitesimal local rotations and scale transformations. 



;2.i9) 



3. Two and Three Point Correlation Functions 

The superconformal transformations obtained in ( |2.6| ), ( |2.11| ) and ( |2.16| ) allow corre- 
lation functions of the fields in the relevant supermultiplets to be related. This is shown 
most clearly in the case of two point functions which are a precursor to considering higher 
point functions later. 

For the simplest M = 1 case we start from the two point correlation function for the 
scalar field f in the basic chiral supermultiplet 

{ip{x 1 )Tp{x 2 )) = —q , (3.1) 

r 12 
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with a convenient choice of normalisation, and where 



T%j — {%i Xj) . (3-2) 
The basic superconformal identity here requires 

{ip a {xi) 5Tp{x 2 )) + (Si(; a (xi) Tp(x 2 )) = . (3.3) 
Using (|2.6|) in ( [3.3|) with ( [3.1|) then gives 



(ip a {xx) ip a {x 2 )) e a (x 2 ) = -2id a6l \ e Q (xi) -4q\r) a = 4iq Xl ^°° e Q (x 2 ) , (3.4) 



where we use e a (:ci) = e a (x 2 ) + ixi 2 rj a . Hence it is clear that 



(V>a(xi)^aM) =4iq^^, (3.5) 



•7+1 

' 12 

and in a similar fashion 

(FOn) F{x 2 )) = 16g(g - 1) . (3.6) 

r 12 

Clearly positivity requires g > 1. 

For M = 2 similar calculations give for the two point functions of the fields in short 
multiplet shown in ( |2.1U| ) together with their conjugates, 



(fa(xi) ilja(x 2 )) = (x'a(xi) Xja(x 2 )) = Si <T ^ ""' 



2 ' 
12 

act 



•7 „ 3 ' 
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(p(a;i) p(x 2 )) = (r(a?i) r(x 2 )) = 32 — , 



(3.7) 



r 12 



/ t / \ t . / \\ /in X 12a/3X 21/3 Q, 
/ad(Zl) Jpp\X2)) = 48 
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For A/" = 4 the two point functions are also determined for the short multiplet given 
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in the table in terms of that for ip rs . Choosing a normalisation coefficient N we have 

(f rs (xi) fuv(x 2 )) = -N(±(5 ru 5 sv + 5 rv S su ) - i S rs S uv ) — , 

z v / r 12 

(^ra^l) ^sa(x 2 )) = 2iVz (8 ra l + \lrls) Xji "" 



r 3 ' 
'12 



</ra i9 (xi)7-^W>= -24iV^ Xl2(QQ ^ , 

r 12 

(p lJ (x 1 )p kl (x 2 )) = AN 5lHP \ , 

r 12 

(J r8 aa(xi) J U v/3$(x-2)) = - 6N (S ru 5 sv - 5 rv S su ) ^^^^ , (3.8) 
<A Q (x 1 )A (i (x 2 )) =48iVzl , , 



12 

Xl2ad 



r 12 



At, f X TfT ./ \\ i a jCt- i X 12(a7 X 12/5)5X 2 l 7 d 



r 12 



;$(x 1 )$(x 2 )) = 384iV^ 



r 12 



{T a f3af3{Xl)T l5 ^s{x 2 )) = 1Q0N g . 

r l 2 

The associated three point functions contain the essential information necessary to 
obtain the operator product expansion. It is therefore of interest to consider the three 
point functions for component fields in the short multiplet listed in the table above. Using 
M = 4 superconformal symmetry we show how various three point functions involving 
descendant fields such as the SU(4)r symmetry current and the energy momentum tensor 
may be uniquely obtained. With notation described in appendix A, so that C\. s is a basis 
for symmetric traceless tensors, and defining tp 1 = Cigars the starting point is 

(<p h (xO </ 2 (x 2 ) </ 3 (x 3 )) = N , (3.9) 

r 12 n 3 r 23 

where C IJK = tr(C i C J C ). In ( |3.9|) we have taken into account that the normalisation is 
fixed once that of the two point function is given as a consequence of non-renormalisation 
theorems [f23| . For a SU(N) gauge theory with M = 4 superconformal symmetry then 
(p|) and (pD are valid if N = N 2 - 1. 

The superconformal transformations given in ( |2.16|) relate correlation functions of the 
component fields in which Yli A* differ by one. At the first step we may use the condition 
S(ifjra(xi) (p l2 (x 2 ) (f Is, {x^)) = and keep just the terms involving e from ( ^.16| ) which then 
gives 

(VVa(£l) IpsaM ip h {x^))C I lt^ t 1 a {x 2 ) + (lpra(xi) f h (x 2 ) ^ s d(^3))C / !t7tl a (x 3 ) 
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+ (JrsaaiXl) ^{x 2 ) V* 3 (x 3 ) )'J s e a (x X ) + ^(J ata a(xi) ip h (x 2 ) ^ h (x 3 )) 'Jrlslt^ (Xl) 

= 2Ni( — Xl2aa C I r 2 s h %t a (x 2 ) + —x 13ce& C^%^(x 3 )) , (3.10) 
\ r i2 r 13 J 

with C^g the symmetric traceless part of (C I C J ) rs . To solve this we introduce, for three 
points Xi,xj, Xk, 

Xihfci = = — Xjj Xifc , (3-11) 

1 IJ 1 IK 1 IJ 'IK 

which transforms under conformal transformations as a vector at X\ and is antisymmetric 
in jk. It is important to note the relations 



^-i[jk]aa ^ V^'i) XjjQ.Q.6 \ x j) ^ikaot^ \Xk) 5 

£ {.Xi) k]aa ^ (%k) ^-kiadt £ ("^j) ^-jiota • 

^ik Tij 



(3.12) 



With the aid of the definition ( 3.11 ) and ( |3.12 ) we then find 



<^ rQ (xi) ijj S a(x 2 ) ^{x 3 )) = 2Ni 2 X12qq (Ci s l + l^rltCu + ICitltls) 



iy* iy* nr* 

' 12 ' 13 ' 23 



< JrsaaM </ 2 (^) </ 3 (z 3 )) = 2iVz X 1[23]aa (C h C l3 ) [rs] . 

f\2 f 13 r 23 



(3.13) 



In a similar fashion other three point functions may be determined iteratively. Thus from 

S( Jrsa6i{xi) (x 2 ) ip v p{x 3 )) = we find 

e /3 ( a; l)7[r7 S ](^/3ad(xi) ^ I {X 2 ) tp v p{x 3 )) ~ € P (x 2 )j t Ctu { Jrsaa {x\ ) ^u/3(x 2 ) lp v p{x 3 )) 
-\~ 6 ^ (2^3 )Tu ( Jrsact 

= AN \ (6e^(x 3 ) X 31f3de X 13ce i3— € P (X\) (2Xi [23 ]a/3Xl3a/3 - ^l[2B]aa^l3/3$)) 

r 12 r 13 r 23 V r 13 ' 

X l{r{p\\v + \ls\ltCt v + ^Ci] t Jtlv) 

+ 2iV ( ePfa) (x 3 i/3aXi 3a i3^ + X 3 [1 2] /30^1 [23] aa) + 2e^(xi)xi 3 ^Xi [23]ad — ) 

^12^13 r 23\ v r 13 7 r 13/ 

x 7u(Ci[r<5 s ]„ + Ci[ r 5 s ] u ) . (3-14) 



Using (|3.12|) again this may be decomposed to give 



{Jrsaa{xi) ^ (x 2 ) J U v/3$(x 3 )) = AN ( —^13aP^31f3a ~ ^l[23]aa^3[12]/3l^)cL[ r d s ] v -l 

fi2fi 3 r 23 \r 13 / 

(^ a/ 3a(xi)(p I (x 2 )^ v p(x 3 )) = \ Xi[23](adXi 3j g) j g7 u Cu„ , (3.15) 



'12 '13 '23 
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and also 

= -2N <2 Xl t 23 ] QQ (S u[r 8 s]v l + \^ul[r^s}v + \Su[rls]lv + ^lul[rls]lv) 



ryi ryi rf* 

' 12 ' 13 ' 23 



+ 2 13a/3 i S uvl[rls] + §7u7[A]v + %$u[rls]lv + Jslul[rl s]lv) \ -(3.16) 

r 12 r 13 r 23 J 

Similarly from S^apuixi) <p l2 (x 2 ) <p l3 (x 3 )) = we get 

(T a pa$(x 1 ) ( p I '(x 2 ) ( p l3 (x 3 )) = ~N X 1[23](aa X l[2m 05 hIa . (3.17) 

o ri2 ri3 r 2 3 

At the next stage, for Aj = 9, we obtain from S^J rsct( ^(xi) J U vf3p(x 2 ) ^wy{x 3 )) = 0, 
after some calculation, 

( — Xl2a/3 X21(/3d ~ X 1 [ 2 3] a aX 2 [3l] (0/3 ) X 2 3 7 ) 7 + 2 ^— X 13a7 X 2 i(/3dX 2 [3i] 7 )/3 1 

v ^l 2 ' Tl2^13 J 

x - (-f [r 5 s]w + |7[r7 s ]7^) , (3.18a) 



-Ni 



2 

' 12 ' 13 ' 23 



(Jrsa6i(Xl) Juvf3p{x 2 ) Jtwyj(x 3 )) 

= 8Ni | 5 (xi 2a/ 3 X 2 3/3 7 X 3 i 7 d - Xi 3a7 X 327/ 3 X 2 l/3d) ~ — 

— 2 Xipslad X 2 [3i]/3/3 X 3 r 1 2] 77 1 8\ t \ r 5 s ir u 

J ri 2 ri 3 r 2 3 



*"13 ^23 



+ 4A^(xi2a/3 X23/3 7 X3i 7 d + Xi3 Q7 X32 7/ 3 X21/3d) — 2 2 2 £ rsuvtw ■ (3.186) 



12 ' 13 ' 23 



To achieve this form requires the use of the identity 

(xi2a/3 X23/3-V X31 7 d — X 13a7 X 3 2 7( 3 X 2 i/3d) 



^12 ri 3 r 23 



— — o-Xl2a/3 X 2 l/3d X3[i2] 77 H 2~ Xl3a 7 x 31 7 a X2[3l]/3/j H 2 -X 2 3/3 7 X32 7( 3 Xi[23] Q d (3-19) 

r 12 r 13 r 23 

+ X![23]ad X2[31]/3/3 X 3 [ 12 ] 77 . 

Using also S(T af}6l 0(xi) (p rs (x 2 ) ip u j(x 3 )) = we obtain 
{T a pap{xi) ip r ^{x 2 ) Ipsifa)) 

= (— X l[23](adXi[23]/3)/3 X 2 3 77 - 3 Xi [23 ](a(a Xl 3 /3) 7 X 2 i 7 /j) ) (3.20) 
X (S rs l + F7r7s) • 

ri 2 ri 3 r 23 
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For Aj = 10, using now S(T a pa$(xi) Jrs^{ x 2) i^vsixs)) = 0, we obtain from ( |3.18q| ) 
and ( ggg ) 

(Ta/3a$(xi) Jrs-rj(x2) JuvSs(x3)) 

16- i r 2 

3 ri 2 ri 3 r 2 3 l^r^ 

/ 1 \ (3-21) 

+ X 1 [23]( Q a Xi[ 2 3]/3)/3 ( 3X 2 [3l] 77 X 3 [i2]<55 H 2 " X2: M X32 ' 5 7 ) 

V r 23 7 

Xi[23](a(d(xi2/3) 7 X237<5 ^318/3) ~ ^13/3)6 X32<5 7 ^21j$)) f5 



»*12 ^13 ^ 23 

Further from (S'^atSd^i) Juv/3/3(x2) Jtwyy( x 3)) — we may determine 

1 



= Q N ) — — ( 4X l[23](adX2[ 3 l]/3/3X 3 [i2] 7 ( 7 +X 2 [31]^Xi3( Q ( 7 X 3 i 7d 

y L ' 12 ' 13 ' 23 V '13 

+ (H x 13(q,( 7 X 3 2 7( 3 X 2 l/3d — 4 Xi2( a /3 X 2 3 | g( 7 X 3 i 7 a) ) Xi 3 5),5) 

^12 ^13 ^23/ 

+ r 2 r r 2 X l[23](ad X 3 [12] 7 (7 X 12<5)/3 X 23 /3<5) WuTw] ■ (3-22) 
'12 '13 '23 ) 

Considering now Aj = 11 we analyse 5{T a pap{xi) </rs 77 (£2) ^^(a^)) = to obtain 

= -^-Wl 1 X 1[23 ](a(d ( § Xj [23 ]/3)/3) X 3 2 £7 X 23 ( 7 ( e \ 

° l' 12 '13 '23 V '23 

+ X 2 [31]( 7 7 Xl3/3)( £ X 3 i e/ 3) —2 + X 3 [l2] e ( e Xi 2/3 ) 7 X 2 l( 7/ 3) — j 

'13 '12 

+ (|x 1 2 / 3) 7 X23( 7 (£X 3 i £ ^) - f Xl3/3)(e X 3 2e 7 X 2 l( 7 /3)) — ^ — j X 23 g)77) 

l/g 1 3 1 

+ „ 2 „ 2 „ ~2 X 2[31](77 X 13(a( e X 3 i e((i -2- - 2 X 3 [i 2 ] e ( e Xi 2 (a 7 X 2 l( 7 (d — j 
' 12 ' 13 ' 23 V '13 '12 

+ (|xi2(a 7 X23( 7 ( e X3i e ( fi + 2 Xi 3 ( a (e X 32e7 X 2 l( 7 (d) )^21S)$) Xl3/3)77)|l , (3.23) 

^12^13^23/ J 

where the symmetrisations act on pairs of indices at the same point. To achieve the form 
( |3.23|) we use the identity (|3.19|) as well as 



Xl[23][ad X 2 [3i] 77 Xi 3/ 3]e Xi[ 2 3][ad x i2/3] 7 X 237 



r 12 r 23 (324) 

+ Xi2[a 7 X21 7 d Xi3/3]e — ^ = 5 



r 12 r 13 
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together with various permutations. 

Finally from 8(T a pap(xi) T 1 ^§(x2) ^ei^(xs)) = we determine the energy momentum 
tensor three point function, with similar conventions on symmetrisations of indices, 

[T a p6Lp{xi) T 1 8^5{X2) T eT) er,(x3)) 

128 f 1 / 

= "^-^M I _ 3Xi[23]( a dXi[23]/3)/jX2[3l]( 7 -yX2[3l]5)5X3[i2]( e eX 3 [i2] 7? )^ 



IY* fY* (Y* 

' 12 ' 13 ' 23 



+ Xi[23]( a dXi[23] | S) | SX23( 7 eX23,5)77 X32( e 7 X^2r))5 —£ 



r 23 



+ x 2 [31] (77 X2[31]5)<5 X 3 i( £ q, X3i v )/3 Xi3( Q £ Xis/3)t) — 



r 13 



+ X 3 [i2](ee X 3 [ 12 ] Ti ) ? jX 1 2(a7 Xi2/3)6 X 2 l( 77 X 2 U)$ — 



r 12 
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^ 2 2 2 ^l[23](a(d X 2 [3l]( 7 ( 7 X 3 [i 2 ]( e (e (xi2/3)<5) X 2 3<5)t7) x 31t;)/3) ~ x 13/3)t7) ^32 v )S) *2l5)j3)) 



/v» IY* /v» 

' 12 ' 13 ' 23 



' 49 / 1 
^Xl2(a 7 Xi2/3)<5 X 2 3( 7 e X 2 3<5)?7 X3i( e d X S i v )p + Xi3(q,^ Xi 3/ 3)^ X 32 ( e7 X 32?7 )5 X 2 1( 7 q ! X 2 15)/j J 



r 12 r 13 r 23 



M 
3 



Xl2(a( 7 X 2 l( 7 ( ( iX235)(eX32( 7;( 5) X-31r))P) Xi 3/ J)^)j|. (3.25) 



This satisfies the necessary symmetry requirements. The same three point function has 
also been calculated directly using the AdS/CFT correspondence in ||24|1 . 

As a check on the above results for two and three point functions we have verified in 
each case the appropriate Ward identities which restrict the operator product expansions 
involving the 577(4) current and the energy momentum tensor. From |2Tj] we have 

X a J rsa (x)O(0)~i^T rs O(0)+... , Jrsa = -\{VaT a Jrs a c*, (3.26) 

where T rs = —T sr are the generators of SU (4) acting on O obeying 

[7~rs 5 -^u-y] ^ru^sv ~i~ 8 rv T su -\- S su T rv S sv T ru , (3.27) 
(for a 6- vector v p T rs — > 25 p [ r 5 s ] q and for a spinor tpi T rs — > — §(7[ r 7s])i"0 an d also 

x a x b T ab (x)O(0) ~ ~ AO(0) + . . . , T ab = i(a a ) Qa (a 6 )^T a/ , Q/ j . (3.28) 

In ( |3.26|) and (|3.28| ) . . . denote terms which vanish on integration over dfl^- More generally 
for the operator product expansion of the energy momentum tensor itself we have 

±(AT cd (0) + B± 



x a x b 



T ab (x)T cd (0) 2 (AT cd (0) + B— x e (x {c T d)e (0) - l Vcd x f T ef (0)) 

1 X v ( 3 -29) 

+ C — ^ (x c x d - jr] cd x 2 )x e x f T e f(0)j . 



(x 2 y 
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A+lB+±C 



For compatibility with ( 3.28 ) we must have 

4. (3.30) 

The coefficients A, B, C, along with the coefficient Ct of the energy momentum tensor two 
point function, determine fully the conformal three point function of the energy momentum 
tensori. From ( |3.25| ) we have, along with Ct = 40iV, 

106 268 28 

A "l5"' S -l5"' C "l5" (3 - 31) 
These satisfy ( |3.30| ) and also 

A-|S + ^C = 0, (3.32) 



which is a necessary condition for M = 1 superconformal symmetry ||25|1 . Furthermore 
in terms of the coefficients a, c of the energy momentum tensor trace on curved space we 



have, from the results in 21 



a 
c 



1 



288 



[124A-B + C) 



(3.33) 



and ( |3.31| ) gives a = c as expected for M = 4 superconformal symmetry. 



4. Further Applications to Three Point Functions 

Superconformal symmetry leads to further constraints on the correlation functions 
involving operators belonging to short multiplets. We here discuss the conditions for a three 
point function for two chiral primary operators <p rs , whose superconformal transformation 
properties were described in section two, and a third operator belonging to a long multiplet. 
For simplicity we consider first a self-conjugate scalar operator $ 7 = $ J where / is an index 
for the SU(4) representation space, the representation having Dynkin labels [q, p, q]. Under 
a superconformal transformation we assume 

8& = eftf? + & i6l t i& , (4.1) 

where in general \E'^, 1 i'f d transform under reducible SU(4) representations. To ensure 
closure of the algebra we take 

~ 2^ (TrsYjid^^s]^ + , (4.2a) 

5^ = - e a id a ^ T + 2A$ I r) a + {T rs Yj$ J r} &1[r j s] 

- ^ i a 1[r%] (TrsYj id aa & + PJ^ , (4.26) 

2 In terms of the coefficients in |2l| , with the normalisations here, CtA = \{A. — 3C), 
C T B = 5A + \B - 6C, C T C = -|(B - 2C). For free scalars A = g, B = f , C = f , for free 
spin-i fields A=^,B = 10, C = and for free vectors A = 4, B = C = 0. 
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where J Il j a a is a new vector field. From flO] ) and ( [4.2a, 6|) we obtain 

[6 2 , S^ 1 = -v-d® 1 -AA$ 7 + Jt ra (T„) J j$ J , (4.3) 

where A and t rs are given by ( |2.19| ) and (|2.18|) and v by ( |2.8|) . The result fl4.3| ) is just as 
required by closure of the M = 4 superconformal algebra for T rs the appropriate generators 
of 577(4) obeying (|3.27| ). The terms in the second lines of (|4.2a ) and ( |4.26|) do not con- 
tribute to the right hand side of ( f4.3| ) but are necessary for 5^ J and to transform 
covariantly. To see this we consider the conformal transformations, following (|2.1| ), 



<5„$ J = -vd® 1 - AA$ 7 , 8 V ^ & = -vd^ - (A + |)A*4 -tf^w^, (4.4) 

where t>, A and are as in ( |2.2|) and ( |2.4|) . The additional terms involving 1/A are 
necessary to achieve 

[<M«]** = fe*A, (4-5) 

wherdl 

e /Q = - w .ae a + iAe Q -e^ , (4.6) 
which may easily be decomposed as in ( |2.5| ) into 77' and 

rf& = -^Va -fjpu 13 ^ + ie a b aie . (4.7) 



It is perhaps appropriate to remark that from ( |4.2a|) it is straightforward to recover 
the usual conditions for obtaining a short supermultiplet belonging to the C series || with 
a scalar lowest dimension operator (the B series is discussed in appendix B). The relevant 
requirement is that, for a suitable A, 

2A7 ? $ / - 7[r 7 s] 7 ? (T rs ) / J $ J , (4.8) 

should not, for arbitrary 77*, span the full representation space corresponding to the direct 
product [1,0,0] ® [q,p,q] = [q+l,p,q] © [q—l,p+l,q] © [q,p—l,q+l] © [q,p,q—l], so that 
there is a non zero cokernel. To illustrate this we may consider the [0, p, 0] representation 
when we take 

& -> <Pui...u p = V(wi...w p ) ) <Pui...u p - 2 uu = • (4.9) 

Since (T rs ) J j$ J -> p(5 r ( Ul ¥? U2 ... Up ) s - <5 s ( Ul W 2 ...r p )r) we may obtain for this case 

TlrTs] 7 ? (T rs ) I j$ J -> 2p7 (ui ^ U2 ... Up)s 7 s 77 + 2p^ Ul ... Mj) 77. (4.10) 
3 To verify ( [4.5| ) it is useful to note that (d a av)-d = u)^ ad a $ — £jo? dpa + A9 a &- 
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(4.11) 



Choosing A = p then projects out in fl4.8|) the [l,p, 0] representation. In ( fl.2a| ) the terms 
involving e have an identical form to ( |4.8| ) and therefore we may restrict, for A = p and 
with suitable conditions also on J7" 7 a a, a to the SU (4) [0, p—1, 1] representation by letting 

^ a * ^ -«i . . .ii p a ; ^ui...M p a 7n7(ui 1 ^'ii2 . . .u p )uct i 

For the [g, 0, g] representation then similarly 

<!>' = ^-"H , =0. (4.12) 

For this case (T ra ) 7 j$ J -> - ^(7[r7 s ]) ( % Vji'*f* + l^^Ui'-jq-i ^Is}) 3 jq) so that, since 
(7[r7 s ]) l J (7[r7s]) fc z = -8**!^ + 2^-5 fc z , we have 



It is then easy to see that in Q4.8Q choosing A = 2q removes the components appropriate 
to the [q+1, 0, q] representation. In this case \I/ J a is restricted to belong to the [q— 1, 1, q] 
and [q, 0, q—l] representations, 

The general case follows by a combination of the above two examples giving A = p + 2q for 
a short supermultiplet for lowest weight scalar field belonging to the self-conjugate [q,p, q] 
representation. 

To illustrate how further constraints, beyond those arising from conformal invar iance 
arise, we consider then the three point function 

(<Prs(xi) ^uv(x 2 ) ^(Xs)) = —o- ( — J D ra.uw , (4-15) 

^12\ r 13^23/ 

for D^g^y a 577(4) invariant tensor. The symmetry condition D^g^y = D J UVtrs here 
implies that is restricted to belong to the singlet, 20, 84 or 105 dimensional rep- 
resentations. The conditions for superconformal invariance follow in a similar fashion 
to the previous section. We first consider S(tjj ra (xi) ip uv (x2) ^(xs)) = using ( |2.16p 
and ( fl.l| ). For A ^ 2 the analysis is simplified by taking account of the requirement 
that (Jrsaa(xi) (p uv (x2) (X3)) = in order to comply with the conservation equation 
d aa J rS aa = 0. Using this we then get 



(A a (xi) ^(udM $ / (x 3 ))7„) = (4 - A) 3 _i Z * 12 ?2 1 A Dl rs,uv1s , 

'12 '13 '23 



(4.16) 

(VVaOl) ( fuv{x 2 ) f J a(^3)) = A 2 _i^^i A i A D^s^s . 



'12 '13 '23 
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The critical conditions follow from 6{(p rs (xi) <p U v(x2) ^fd( x 3)) = 0- Using ( |125|) we may 
obtain 

<V? rs (xi) if uv {x 2 ) S&bfaa)) = e a (x 3 )(ip rs (x 1 ) <p uv {x 2 ) j'a&fa)) 

- 2 _i A \ A i A (e a (^)x 13a A + 6«(x 2 ) X23a Aj (4 . 17) 
'12 '13 '23 

Since D rSiUV is a S77(4) invariant we have 

(Ttw) jD rs,uv = 2S r ^D w ]s,uv ^s[t-D w ]r,uv 2-D rs,u[t$w]v 2-D rs^^^iyju > (4-18) 



so that, with the aid of (^4.16| ), applying ( [4.17 ) in the super conformal invar iance condition 
leads to 

i a (x 3 )(ip rs (x 1 ) ip uv {x 2 ) Jadfe)) 

2—1 A ±A iA f^ a ( x l) x 13ad ^(A — 2)X I rSjUV — 2Y I rS)UV J (1.19) 
r 12 2 r 13 r 23 I 

+ e a (^2)x23ad — ( (A — 2)Y I rSjUV — 2X rs, 
ro3 v 



tit) / I ; 

^23 ' 



for 

-X"rs,w> = \l[rlt]D ts,uv + \l[slt]D tr,uv ) ^ rs.u-u = | l[ult] D rs,tv + \l[vlt]D rs,tu ■ 

(4.20) 

For superconformal invariance the right hand side of Q4.19| ) must involve e just in the form 
e a (^3)X 3 [ 1 2] Q Q and by virtue of ( |3.12| ) this requires 

(A - A)X I rs ^ uv = -(A - A)Y I rs ^ uv . (4.21) 

This is trivially satisfied if A = 4 which includes the cases of short multiplets belonging 
to the 105 and 84 representations and also the for $ 7 belonging to the 20 dimensional 
representation for which there is no shortening for this A. For — ► a SU(4) singlet, the 
conditions arising from ( 4.1 9| ) are satisfied for any scale dimension A since then X rS}UV = 



-Y rs ,uv (for the singlet case the right side of (|4.19|) just involves AX rs>uv and AY r 



We now extend this discussion to the case of a self-conjugate operator of spin £, 
$ I a 1 ...a t ,& 1 ...at = ^( ai ... at ),(di ...a t ) ■ In this case (0) becomes 

S® 1 ■ = ef * J J ■ ■ +\lH • ht^ . (4.22) 
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Corresponding to (|4.26|) we now have 



5~^ T ■ ■ o 

"« ai 1 ...a£,aii...aip 



6^ idppQ ai...ctg,cti...af 2(A £) $ cx±...cx£,6i±...cx£ VP ^ ot\ ...a^,/3(di ...d^_i Vai) 

+ ^ — £ z(<9( ai ^$ /3|a 2 ...a£),ai...d £ — $/3(di^ aj ...a^ ,d 2 ...a e )$) 
+ (T r s) I J& J a 1 ...a e ,a 1 ...d e VPl[rls] 

^T[rTs] (-^rs) ji(^cdf3/3*& oi\...OLi,a\...6n {' ^(oti((*i^ P\a,%...a.£),a.-2,---0.£)^ 

-\~ d(j3(^ ai fl*& f3\ct2 ■ ■ -Oil) ,di . . .cui &f3{a*^ a\...a.£,6i2---dii)p)\ 
+ ^ 3' I pa. x ...ctz,ct x ...ctzi3 ' (4.23) 



while the equivalent version of (|4.2q|) is given by its conjugate. The structure of ( [4 . 2 3| ) is 



determined as before by the requirement of closure of the algebra 

\$2i ^l]^ ai...ae,ai...ae = ~ (v-d + A A) $ ^ ^ + -^rs i^rs) ai...a*,Ai...d* 

(4.24) 

+ ^(a/^ 1 /?|a 2 ...a £ ),di...d^ ~ ^ $ ai . . . a£ ,/3(a 1 . . .d*_i ^ cut) i 

and also that (Sg^ I ai aiL & x Cie/ 3 has the correct form under conformal transformations 
which requires 

[ S e, $v}y I ai ... ae ,a 1 ...atl3 = S e'^a 1 ...a e ,a 1 ...aJ > ( 4 - 25 ) 



where, with notation as in (|2.2|) and (|2[ 



+ tU( a @Q /3\a2...on),6fL...ai ~ ^^ > ai...a£,/3(di...d<7_i ^ otg) j 
^*a 1 ...a„d 1 ...d,/3 = - M + ( A + J) V ' ; '. o ( 4 - 26 ) 

+ £ W( ai ^ /3|a 2 ...a £ ) ) d 1 ...a £( g ~~ ^ ^ Ql . . . a£ ,-y(di . . .d^ ^^d f ) 
^ ai . . .ct£ ,di . . .dfy ^ |3 " 

The last requirement determines the coefficients c, d, e in ( [4.24 ) through the relations 



(A + £-2)e + 2£d = 1 e + (A - l)d + tc = , 4d + 2(A - i)c = 1 . (4.27) 



To apply these results in the context relevant for this paper we extend ( [4.15|) to 

1 / ri2 \*(a-4 

(pr*(ai)Pi™(z2)$a 1 ...a<,A 1 ...A £ ) = Z~2~ ( I ~ X 3[ i 2](aidl . . . X 3[ i2] Q ,)d, D\ 

r 12 V r 13 r 23/ 



3[12]a^)d^ U rs,uv j 

(4.28) 
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which is uniquely determined by conformal invariance up the SU(4) invariant D T rSjUV 
satisfying 

n 1 — (-^n 1 (a 29"! 

^ rs,uv \ J uv,rs • V *^/ 



With the aid of Q4.23|) and ( 4.27 ) we may then calculate 



i ( r i2 \^ A_ ^ { ( 1 1 \ 

- ^\ r 13 r2 3 ) { [f^* 13 ^^ +^(X 2 )^23P$ — JX 3 [i2]( ai Q 1 • ••X 3 [12]a,)d, 



rs,uv1[t1w\ 



x ^A-£)D I rS)UV + ^T tw ) I jD^ 

+ 2£[ e /3 (xi)xi 3|3 ( dl h e /3 (x2)x 2 3 ( 3(di )X 3 [i2]( ai ,3 ■ ■ • X 3 [i2]a £ )Q £ ) D 1 ^^ 1 . 

V r 13 ^23/ J 

(4.30) 

Assuming 

, U(A-f) 

(~ — — ) ( X 13/3/3 X 3 [i2]( ai di • • • X 3 [l2]a £ )d £ P r.ui; (4-31) 

+ Xi 3( 3(a 1 X 3 [i2](ai/3 ■ ■ ■ X 3 [i2] a£ )d £ ) Qr. 



r 12 r 13 V r 13 ^23/ 



where 

Tr-P r,uv = , 7rQ r,uv = (4.32) 

then since conformal invariance requires ((p r8 { x i) t fuv{x2) •J I p oll ae a x a e p( x 3)) t° ^ e ex ~ 
pressed in terms of X 3 [i 2 ] / g/9X 3 [i 2 ]( ai d 1 • • • ^-3[i2]a e )a e and X 3 [i 2 ]/9(dX 3 [i2]( ai /3 • • • X 3 [i 2 ] a£ )d £ 
we may decompose, using (|3.12|) , S(ip rs (xt) ip uv (x 2 ) ^ I C11 ... a t> ai-a t pi x ^)) = into tne fol " 
lowing conditions 



2(A - tjD^uv + (T tw YjD J rS)UV -f [t j w] = 7 (r P J s)>w + (-l)% (u P J „), rs , (4.33a) 
4£ = 7 (r Q 7 s))U „ + (-l)S(«Qi),ra • (4.336) 



In general from ( f4.18| ) and ( |4.20| ) we may write, 

(-^txu) jD rs,uv 4 rs,uv ~\~ Y rs,uv) 

D rs,uv 1f(r^ s)t,uv'~1t X r s,uv 1f(u^ rs,v)t'~ft ^ 1 



(4.34) 



rs,uv • 



Using this ( |4.33a|) may be simplified to 

2(A £)_D rs,uv T(r-P s),uv ( 1) "1(u P k),ts ; P r,iii; P r,tii) ~t~ 4ZJ rs^uv^s ■ (4.35) 
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For further constraints we consider also 8{^ r p{ x \) { Puv{x2) ^ I ai ...ai,a 1 ...a l ) = 0- Using 
( |4.28| ) and ( [4.31| ) this may be decomposed into terms involving e(#2) which give 



(tp r /3(xi) tp(u$(x 2 ) ^« 1 ...a £l ai...d/>7 t> ) 

( I : \ — Xl2 ^ ^[^Kaxdx • • • X3[i2] ai )ai Pl r,uv 

\ r 13^23/ L r 12 

3^23 J 



r 12 r 13 V r 13^23. 



n3' 

(4.36) 

and also if 



(JrsP$(xi) <Pu v (x 2 ) $a 1 ...«,,d 1 ...d < ) 



» / ^"12 



7"l2 V r 13^23 



i(A-£) 



Xl[23]/3/3 X3[i2](aiai • • •X 3 [i2]a f )d £ J T rs,uv (4.37) 



H 2 x 13/3(di X 31(ai/3X3[i2](a 2 d 2 • • • ^-3[12]a t )di t ) ^rs^uv \ , 



r 13 



then from terms involving e(x±) 

J rSjUv^s ~qJ st,uv'fr'~Ys'yt (A £)D rs,uu7s P r,uv j 

r - 1 / - - r - J (4.38) 

rs,uv^ls ~\~ st ,liv7f*7s / yt rs,itu7s Q r,WJ • 



An additional condition is provided by the conservation of the current J rs /3$ and in (|4.37| ) 
this requires 

2(A - 2) J J rs , w - (A - £ - tyK*.,,™ = • (4.39) 
If we combine flQgfl ), ( Hp , ( [Op and flOp we get 
( A + £ - 2) (A - £ - 4) (D 7 „, w + 7(r l/ s )t>w>7t + (-l)' 7(u £> J Mi1>)t 7 t ) = . (4.40) 
For general A this requires, from (|4.20|) , 



X rs,uv "t" "¥ rs,uv , (4.41) 

which, by virtue of (|4.34|) , is only possible for a singlet operator. For this case, disregarding 
an overall constant factor, we have 

D rs,uv Drs,uv ^r(u^«)s g S rs S uv , (4.42) 

and then ( |4.33a, jp is easily solved for any A and even £ by taking 

Pr,uv (A £^)Drs,uv'~fs (A €) {& r (u g 7^T(u)T«) 5 Q r,uv 2£ D rs ^ uv "<f s . 

(4.43) 
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This is compatible with ([Off) and flPSp ensures that J^rs uv — -K^rs uv — so that the 
current three point function (|4.37| ) is zero as expected by SU(4) symmetry. Apart from 
C |4.42|) and (|4.43|) it is also easy to see that for J rSiUV = K rs , U v = the only alternative 
solution, without any constraint on D rSjUV , is for A = 4, £ = as was found earlier (it is 
easy to derive in this case £(X^. S)W „ + 7^,™) = (A - 4)(X / rSjm; + Y 1 ^^) = 0). 

To find explicit results for non singlet operators we introduce 

C I ra = (-l) i C I ar , C T rr = 0, (4.44) 

and then define 

D rs,uv ^(r(i(C s)v) g S rs C ( uv ^ g 5 UV C (rs) ■> (4.45) 

satisfying ( |4.29| ). For £ even this represents an operator in the 20- representation while t 
odd corresponds to the 15-representation. If we let 

G>,u = C T ru l + \ 7 r 7tC t u + \ CUltlu + -is 7r7tC^7to7w > ( 4 -46) 

then 

7(rG ?/ s ) j ( u 7„) + (-l) £ 7(uC / „) ) ( r 7 s ) = — 2D T rSiUV . (4.47) 
Hence (4.33 )with ( ^4.34j ) is solved by taking 

P^uv = —(A — £ — 4)G r,(u7v) 5 Q T r,uv = — 2£ Gi,( u 7„) , (4.48) 
in accord with Q4.32|) and (|4.36|) . Now letting 

\J rs,uv ^[rfuC s]v) g $uvC [rs] ■> (4.49) 

then 

J I rs,uvls + I J' I st,u«7r7s7t = D i S)U «7s — G>,(u7i0 , (4.50) 
and using Q4.48 ) in ( [4.38 ) gives, with the required symmetries on rs and itt>, 

J rs,uv (A £ 4) rs,uv ; rs : uv 2£ kJ rs : uv ■ (4-51) 

Substituting this into Q4.39| ) gives finally 

A = 4 + £, A = 2-£. (4.52) 

The second solution is only relevant for £ = when $ J may be identified with the chiral 
primary operator <p . In general therefore non singlet 15 or 20- representation operators 
can contribute to the three point function only for special values of A, in agreement with 

§■ 
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5. Four Point Functions 



The primary interest in this paper is to consider the constraints arising from supercon- 
formal symmetry on four point functions for superfields belonging to short representations. 
For four points there are two invariants under the conformal group which we here take as 

u = , v = . (5.1) 

ris ^24 r 13 r 24 

In general the four point function depends on arbitrary functions of u and v which may be 
analysed using the operator product expansion in terms of operators with appropriate spins 
and dimensions. As will be shown superconformal invariance provides further conditions 
which lead to differential constraints. 

For simplicity we consider the M = 1 case first although there are no new constraints 
in this case. For chiral fields we consider then 

{cp(x 1 )Tp(x 2 ) <p(x 3 ) Tp{x A )) = q q a(u, v) . (5.2) 

r 12 r 34 

Applying the superconformal condition 5(il) a {xi)Tp{x 2 ) Lp{x 3 )Tp{x 4 )) = using ( |2.6| ) and 
its conjugate then leads to 

(Vv^i) ^a(x 2 ) ip{x 3 )Tp{x A ))e ol {x 2 ) + (ip a (xi) ^a(x 4 ) <p(x 3 ) Tp(x 2 ))e a (x 4 ) 

= 4i— g— q((qa - ud u a)— xi 2 adt°(x 2 ) - vd v a — xi 4ad t Q (x 4 ) (r o\ 

r 12 r 34 V r 12 r 14 

1 



+ (ud u + vd v )a — xi 3a(i e a (x3)) . 

7*12 / 

To solve this relation we use 

r24Xl3 a dt a (x 3 ) = (xi 3 X 34 X 42 ) Q at a (x 2 ) + (xi3X 32 X 24 ) a(i | Q (x 4 ) , (5.4) 

and hence 

(ip a (xi) tp^(x 2 ) v(x 3 ) Tp(x A )) 

= 4i 1 1 — x i2ad (qa - ud u a) H — (xi 3 X3 4 x 42 ) Qd (wd u + vd v )a 

r 12 r 34 I r 12 ^l 3 r 24 



(5.5) 



= 4z q q I —x 14a6( vd v a H — (xi 3 x 32 x 24 ) Qd (ud u + vd v )a\ . 

r i2 r 34 I r w ri 3 r 24 J 

Imposing symmetry under x 2 <-> x 4 in (|5.2|) requires a(v,u) = (v/u) q a(u,v) and this leads 
to the corresponding relation between the two expressions in ( |5.5| ). The lack of further 
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constraints in this case is easily understood in terms of Af = 1 super space. The scalar 
fields ip(x) and Tp(x) are then the lowest components of chiral and anti-chiral superfields 
4>(x + , 9) and 0(x_, 9). The four point function 9i) ^(x 2 ~, 9 2 ) 4>( x 3+i #3) ^(^4-5 #4)) 

depends on an unconstrained function of two variables since the invariants it, v in ( |5.1| ) 
may be extended to superconformal invariants respecting the required chirality conditions. 
As shown in for two points (xi,9i,9~i) and (xj,9j,9j) we may define x^o, which is 
superconformally covariant and depends on (x{ + ,9i) and (xj—,0j). The superconformal 
invariants are the u = x^x^jx^x^ and w = ^tr (x l2 x 3 ^ 1 x g ^ x^ 1 ). 

For M = 2 we consider the four point function 

<yM (xi) <^ 2J2 (x 2 ) ^ (x 3 ) lf i4j4 (x 4 )) 

'12 '34 r 14 '23 

+ 8«\ i2 8ti\ ilk 8to j4i) 8M ja) c(u,v), (5.6) 

r 12 r 23 r 34 r i4 

and show how the present discussion leads to the conditions of Eden et al |3|,|IU]]. In a 
similar fashion to (|5.3|) we may obtain using ( |2.11| ) 

(fa(^l) ^(feaM ^ 3J3 (X 3 ) <P i4j4 (X4)) e h )[x 2 ) 

+ (^\(xi) ^(i 4d (^4) y 1333 (x 3 ) ¥i 2h (x 2 )) e j4 f (x 4 ) 

+ V 3 ' (^(Xl) X( l3 a(x 3 ) ^ 2i2 (X 2 ) Tp uj4 (l 4 )> t ; f(x 3 ) 

+ ^ lfc <Jaa(Xl)^ 2j2 (x 2 )^(x 3 )^ 4j4 (x 4 ))l fc a (x 1 ) (5.7) 

= ^p^K 1 ^, ^W fc *(x 2 ) + i-X 14QQ l^ ( X 4 ) 
' 12 ' 3 4 v '12 '14 

+n£s 4 ^3^(x 3 )), 



where the right hand side is determined from (|5.6|) giving 

Kfjll = * (< V * S {i3 iJ j3) M (2« - ud u a) - 5^ t4 5^ j4 S^ h 8^ h ^d u b 
+ 5( i \ i2 5 k \ i4 5^ j4) 5^ h) ^(c-ud u c), 

V tSll = ~ t {il iJ k) h d ii3 iJ i3) u ^d v a + 8^ i4 8 k ) j4 S^ i2 8^ h (2b - vd v b) 
+ 5^ {i J k \ i4 d^ j4) 6 j ^ h) -(c-vd v c), 

XL 

W %ttn = 6(11 S {i3 iJ j3) u \{ud u +vd v )a + S^ i4 S k \- 4 S^ l2 5^ j2 ±(ud u +vd v )b 

+ S^ {l2 5 k \ l4 5^ j4) 5^ j2) —(ud u +vd v )c. (5.8) 



uv 
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On the left hand side ( |5.7| ) we may write in general 



J Vr^^ 1214 J4 ri 2 ri3ri4r23^24r34 l2 * 4j4 / 

(5.9) 

This contains just two independent terms as a consequence of the identity 

X13X34X42 + X14X43X32 = r 34 X12 • (5.10) 
The SU (2) dependence may be decomposed as 



12H34 l 2 U l i U 34. ""-1 ^ U (*4 U J4) U »2 ""-2 

qili333 — xh . X(l3 . xh) . C. A_ Xh X{l3 . ,«3). C 
D i 2 Ui4 _ *2 M° J4 D 1+ (l 4 J4)° «2 ^2 , 



(5.11) 



where i?2, Si, S 2 are functions of it, i>. A similar expansion to (|5.9|) , letting x 2 , £ 2 , 32 
Xi,iAi3Ay m ay also be written for (ip ll a (xi) ipi4a( x i) p l3j3 (#3) Pi 2 j 2 (^2)), defining in this 
case -R' l5 i? 2 , S[, S' 2 . In addition we may write 



(ip\(xi) Xi 3 <i(x 3 ) <p iaja {x 2 ) p i4H (x 4 )) 



^ , Xi 3Q ,q ^ ^ (Xi 2 X 2 4X43 yLtLt ^ 



ri 3 r2 2 <:«:•./:•<;./: r^r^r^^^ (5 . 12 ) 
I? 1 - • • • =ff£. v . e. v Tj+Se.,, e. v T 2 , 

*3«2j2l4j4 (l2 J2j(l4 J4j^3 1 («4 .74 )(«2 J2j«3 Z ' 

«3*2J2«4J4 (l 2 J2j(*4 J4j«3 1 (*4 J4j(l 2 J 2 )«3 Z ' 

and, with the definition (|3.11|) noting that Xi[ 2 4] = ^i[23] + -Xi[34], 

(j otdt (x 1 )^ l2j2 (x 2 )^ 3j3 (x 3 )^ Uj4 (x4)) 

,. • •> 1 / 1 1 \ (5.13) 

= 4% C £ h)(U S M) ( X l[23]aa A + X 1[3 4]aa A') . 



Using (|5.9| ), with (|5.11| ), (|5.12| ) and (|5.13| ) we may analyse the linear equations 



The terms involving S] 1 ] 333 , S') 1 ] 333 and W 1 , ■ ■ ■ have no equivalent on the right hand 

O 1214J4 ' *2MJ4 *3*2J2*4J4 ^ ° 



side. Using the relations ( |5T4| ) and also 

(xi2X24X43)adt Q (x 3 ) - (xi 3 X 32 X 24 ) Q at a (^4) = ^34 Xi 2Qd t° (x 2 ) - r 23 Xm^I" (£4) , (5.14) 

this leads to the constraints 

Spy*. 3 '* SK-S't 1 * 333 =e^ l e j3 ^ k Ufl ... . (5.15) 

(«2|l4j4 32) (*4|*2J2 J4j "2.72*4.34 V ' 
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With this and ($1% ), fl577p reduces to 



Rf}**?* S k , + — £ (l3|z e Jz)k Ufr , , , + 



R 



nii 3 j 3 



v 

,2 



fc r(i3 



(*2 J2)(»4 J4) 



5 J3 a = v? 1 ; 



■it 



2*2,72 *4j4 



(*a ja)(*4 34,) 



5 J3 1 A' 



1 



e^ 3 ' 1 e j3)k Tfl , . . + — S'} ,:< ,:< 5* s - £ llfc : 

i*2j2*4j4 (*a|*4j4 .72 J 



(*2 J2)(M J4j \ w 



#3; f i A _ i A > 

v 



The conditions (|5.15|) give 

S 1 + U 1 = S 2 -U 2 = S\ - U 2 = S' 2 + U x = . 



ilki 3 j 3 



»2J2*4J4 ' 

ylilki 3 j 3 
»2j2»4j4 ' 

ytrilki 3 j 3 
*2i2*4J4 ' 



(5.16) 
(5.17) 



(5.18) 



(5.19) 



and from the terms in ( |5.16| ) antisymmetric in zi, /c we have also 

i? 2 (tfi - U 2 ) = uA , i2' 2 (U ± - U 2 ) = vA' , 

V u 

T x -T 2 - —S 2 = -A - -A' . 

UV U V 

With ( |5.8| ) the remaining equations become 

7Z U U u 

R\ U 1 =2a — ud u a, U 2 = -d u b, R 2 -\ (U x + U 2 ) = - (c — ud u c) . 

V V V V 

2 2 

R'i + —U 2 = 2b- vd v b , Ux = --d v a , R' 2 - — {U x + C7" 2 ) = -(c- vd v c) . 
u u u u 

T x - —Si = — \(ud u +vd v )a, T 2 = — \(ud u +vd v )b, 

UV U V 

Ti + T 2 + —S 2 = — (ud u + vd v )c. 

UV UV 

In conjunction with ( |5.17|) , which implies Si + S 2 = U 2 — U x , and ( |5.18| ), eliminating A 
and A' , there are two constraints which may be expressed in the form 

v 1 
d u c = —d v a — d v b H — (1 — u — v)d u b , 

I 1 ^ 5 - 2 °) 

d v c = —d u b — d u a H — (1 — u — v)d v a . 
v u 

These equations are invariant under u <-> v , a <-> b, as is consistent with the crossing 
symmetry conditions for the four point function in ( |5.6| ), a(u, v) = b(v, u), c(u, v) = c(v, u). 

With these relations we may easily find 

A = 2d v a + — (c — ud u c) , A' = 2d u b + -(c - vd v c) , (5.21) 
f u 
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and the conservation equation d aa J a a = requires 



2uv 2 d u A - (1 - u - v)v 2 d v A = 2u 2 vd v A' -{l-u- v)u 2 d u A' . (5.22) 



As also checked in || this is satisfied by virtue of (|5.20| )@. 

For M = 4 superconformal symmetry we again consider the four point function for the 
simplest short multiplet whose superconformal transformation properties were described 
in section 2. In this case we may write, with notation defined in appendix A, 



{ip h (xi) ip h (x 2 ) <p h (x 3 ) ip h (x 4 ) > 

fihhfihU fill 1-3 fihl4 fillUfihh 

CLl H 9 9 0,2 H 9 9 0,3 



9 9 ^1 1 9 9 ^ Z 1 9 9 

'12 '34 '13 '24 '14 '23 



(5.23) 



(jhhhh (JI1I3I2I4 Qlihhh 

H ci H c 2 H c 3 , 

ri 2 ri 4 r 23 r 34 ri 3 ri 4 r 23 r 24 r 12 r 13 r 2 4r34 



involving six functions of u,v. This basis is convenient since for free fields a± = a 2 = a 3 
and Ci = c 2 = c 3 are both constants. The relevant superconformal identity follows from 
^(VVa^i) f l2 (x 2 ) <// 3 (x 3 ) <p lA (x4)} = which may be expanded using ( |2.16| ) as 



(AaM Mx 2 ) ^ h {x 3 ) / 4 (^ 4 )> C{ 2 %t a (x 2 ) + (Vv«(*i) ^ a (x 3 ) </ 2 (x 2 ) </ 4 (x 4 )) C^7 s t d (x 3 ) 
+ (tfj ra (aii) ^ M </ 3 (^3) </ 2 (#2)) C§ %e a (ae 4 ) 

+ (Jraa&fa) ^> I2 (X 2 ) if h (x 3 ) if U (x 4 ) )%l Q (x X ) + ±( J stad (xi) </ 2 (x 2 ) </ 3 (x 3 ) M )lrlslte ° (ll) 

— ^l— 3 — ^^r-sTs 6 \ x i) { 4 2 H 3 — 2-o rs 7 s e (x 3 jy 3 H 3 — 2-O rs 7 s e (x 4 J (^4 

\ r 12 r 34 r 13 r 24 r 14 r 23 

(5.24) 



4 Using ( |5.21| ) for A and ( |5.20| ) for <9 u c in the resulting term involving d u d u c the left hand 
side of ( |5.22| ) becomes (1 — u — !))(wc lW — tic iU — vc tV + c — 2u 2 b, uu — 2v 2 a, vv ) + 2m; 2 a, uu + 
2u 2 vb tUV + 2i> 2 a il , + 2u 2 b iU - This is symmetric under u «-> u, a <-> 6 and so is equal to the right 
hand side. 
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where, from ( |5.23|) , we have 



Qihhh = s n H IsU (2ai - uducn) - 5 Ih 5 hh u 3 d u a 2 - S IU S hh ^d u a 3 



+ C /W4 -(ci - ud uCl ) - C Iw ^d u c 2 + C /W3 u(c 3 - ud u c 3 ) , 

V V 
3 

Q 1 / 2/3/4 = - 5 Il2 5 hU ^d v a x - 8 Ih 8 l2h v 3 d v a 2 + 5 Ih 5 l2l3 (2a 3 - vd v a 3 ) 

u 

+ C IIM -( Cl - vd vCl ) + C 11 ^ v(c 2 - vd v c 2 ) + C IIM ^d v c 3 , ( 5 - 25 ) 
u u z 

Qihhh = gihghh -L( u d u + vd v )ax + 8 n H hh (2a 2 + (ud u + vd v )a 2 ) 
+ 8 n H hh \(ud u + vd v )a 3 + C Ihl3h — (ud u +vd v ) Cl 
+ C 11 ^ - (c 2 + (ud u + vd v )c 2 ) + C //2/4/3 - (c 3 + (ud u + vd v )c 3 ) . 



On the left hand side of ( |5.24|) we may write 



Vr ii r 7 i r 12 r 13 r 14 r 23 r 24 r 34: ' / 



(Jrsaa(xi) ^ ' {x 2 ) ip J \x 3 ) if K (x 4 )) 



= ( ^l[ 23 ]aa M- J S K + 



ri 3 r 24 vri 2 r 34 



Using the invariants Tr^ JK defined in appendix A we have 



^14^23 



v tjIJk\ 
-M[34]ad a rs J • 



(5.26) 



r>JK _ ST^ r>(n)rp(n)JK cJK _ ST^ o( n )rp(n)JK 

i,rs / j i rs ) ^i,rs / j J i rs 



n=l 



71=1 



(5.27) 



and A™ , B^ K may also be expanded in terms of a basis formed by (C I C J C K )[ rs ], 
{C J C I C K ) [rs] and (C / C K C J ) M . 

As before there are conditions necessary to cancel terms involving xijXjfcXfcj from 
( |5.26| ). Using ( |5.4] ) and ( |5.14[ ) this requires 



( - (S^ h C l2 ) rs + {S^ h C h ) ra + (Si 2h C h ) rs )^ s = . 



(5.28) 



Using ( 5.27 ) and the relations in (A. 13, 16) this decomposes into 12 linear relations for 18 
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variables which may be written as 



(i) 



(i) 



(i) 



1 o(2 

1 c( 2 
6°3 

1 o(2 
6 D 4 



c(5) o(5) 
D 3 D 4 ) 

o(5) , q (G) 

- 4 6) + 4 6) , 



2(^ 5) +£f ) +4 6) + sf ) ) 
2(4 6) + 4 5) + 4 6) -^ 5) ) 
2(4 5) -4 5) + ^ 5) + ^ 6) ) 



c(3) _ q(3J _ o/cioj c,[t)j c,(.t>j q (b) q (b) q {0)\ 
°3 ~ °4 ~ Z '\ D 2 °2 3 °3 °4 to 4 J 



,(3) 



:(5) 



c(5) , o(5) q(4) 
°3 to 4 5 °3 



(6) + <j(5) _ C (.i) 
(5) c (6) 



?(5) 



,(6)n 



-5, 



J 4 ' °- 



(4) 
4 



-s. 



(6) 



5. 



(5.29) 



There are 9 further relations which are necessary to cancel terms of the form E^ JK , as 
defined on (A. 14), which cannot occur elsewhere in ( |5.24j ). This gives 9 relations 



d(6) 
K 2 — 


u2 o(6) 

V^ 3 ' 




^ 2 0(5) 
u 3 ' 


flf = 


_ 1 c(6) 
- D 2 , 


n(B) 
K 2 — 


« 2 o(4) 

T^ 3 ' 


d(6) 
-K4 — 


^ o(4) 

« 3 ' 




UV 


p( 4 ) 
K 2 — 


u2 o(5) 
°3 ' 


d(4) 

-n-4 — 


v 2 0(6) 
°3 ' 

It 


^3 





(5.30) 



The remaining equations from ( |5.24j ) which are symmetric in rs correspond to the terms 
on the right hand side. With (|5.25|) , and using (]5.29|) and (|5.30|) for simplification we have 



2(4 6) - Sf + 4 6) + Sf) = (ud u + vd v )c x 



25. 



(5) 



2S< 6) 



2(5 
—uvd v ci2 , 

v 



r +4 5) 

(6) _ 



4 5) + 5l BJ ) = ^a„ C3 



y(6) 



25 



it 



25 



(5) 



(m<9 u + v<9„)a 3 

f 

— (m<9 u + i> d v )ai 
u 



25 



(5) 



25 



(6) 



— d v ai , 
u 

-uvd u a 2 



(5.31) 
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as well as 



p(2) 


p(3 


p( 2 ) 


+ 4 3 




+ 4 


p(2) 


-«< 3 


4 2 » 


-*? 


d(2) 
^3 


+ 4 3 


p(l) 


- 


p(l) 






1 p(2 
" 6 ""-3 



= 2 — (ci — ud u c\ ) + ud v ai , 

= 2w(c 3 - u(d u + d v )c 3 ) - ud v ai , 

= 2- (ci - u 9„ci) + w9 u a 3 , 

= 2v(c 2 - v(d u + d v )c 2 ) - vd u a 3 , 

= 2- (c 2 + (w<9 u + u d„)ci) + ^a 2 , 

= 2- (c 3 + (w<9 u + v<9„)c 3 - dyCs) - d v a 2 
u 

= 2ai — ud u a\ — -zud v ai , 
= 2a 3 - v<9„a 3 - \vd u a 3 , 
= 2a 2 + (ud u + vd v )a 2 - \ud v a 2 . 



(5.32) 



Finally there are three constraints which arise from the requirement that ( J rs tp 12 <// 3 (p l4 ) 
has the conformally covariant form given by ( |5.26| ). Using ( |5.29| ) and ( |5.3C1| ) these give 



£ (R^ - 4 3) ) - £ {R? + 4 3) ) - 3. ^ - 3, S 3 
+ 2(si 6) + si 5) +si 6) -Si 5) ) =0, 



(6) 



+ 2(^-i)(4 5) + 4 6) + 4 6) + ^ 6) )=o, 
+ 2 + £ - u) (sj® - # + SP + S< 8 >) = . 



(5.33) 



It is clear that (|5.3f|) provides three constraints and using ( |5.32|) in (|5.33|) gives three 
more which are essentially integrability conditions. With some simplification these may 
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be written as 



d u ci 
d v ci 



d v ai + - ((1 - v)d u a 3 - (ud u + vd v )a 3 ) 
v 

d u a 3 + - ((1 - u)d v ai - (ud u + vd v )ai) 



u 



1 



(5.34) 



d u C2 = - v(d u + d v )a 2 + d v a 3 - -(1 - u)d u a 3 , 

c\c 2 = wd u a 2 - (1 - u)d v a 2 - -(ud u + vd v )a 3 , 

v 

d u c 3 = vd v a 2 - (1 - v)d u a 2 - - {ud u + vd v )a x , 

u 

d v c 3 = d u a x (1 - v)d v a x - u(d u + d v )a 2 . 

u 

These equations are symmetric under u <-> v, a x <->• 03, c 2 <-» C3 and also for u — > u — > 
1/f, a 2 <-» a3,ci <-> C3. This is consistent with the crossing symmetry relations expected 
in ( Q§ , 



ai(w,v) = a 3 (u,w) , a 2 (w, v) = a 2 (i>, it) , c x (u, v) = c x (u, «) , c 2 (w, u) = c 3 (i?, it) , 

(5.35) 

and also 

ai(it,v) = ai(7i',v') , a 2 (u,v) = a 3 (u',v') , 

u 1 ( 5 - 36 ) 

ci(w, v) = c 3 (u',v') , c 2 (m,u) = c 2 (u',v') , v! = - , v' = - . 

V V 



The results obtained for Af = 2 in (|5.20|) are obviously a subset of (|5.34|) obtained for 
ci — > c, ai — > a, a3 — > 6. 



6. Solution of Conformal Constraint Equations 

In this section we show how the linear equations (|5.2C| ) and (|5.34| ) can be simply 
solved. To this end we introduce new variables z, x defined byi 

u = xz , v = (1 — x)(l — z) . (6.1) 

With these variables ( |5.20|) can be rewritten in the form 

»( e -Iz£„-_f_»)=0, »( _1Z£„ + * ») =0 . (6.2) 
01 V z 1 — z / oz\ x 1 — X / 

5 These may be inverted by defining A 2 = (z — x) 2 = (1 — u — v) 2 — Auv and then z = 
2 (1 — i> + u + A), as = i(l — v + u — A). In the Euclidean regime > 1 so that A 2 < and 

x = z . 
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The solution is then trivial 

c-- — -a- -^—b = f(z) , c-- — -a- b = f(x), (6.3) 

z 1 — z x 1 — X 

where we impose symmetry under z <-> x as is essential since a, 6, c depend just on u, v 
which, from (|6.1|) , are invariant under this interchange. Eliminating c or a in (|6.3|) gives 

1 1 f(z)-f(x) 1 t=i/(*) ~ T^/(*) , Ryn 
-a b= , -c 5 6= , (6.4) 

u v z — x v v z z — x 

For later use we define amplitudes corresponding to SU (2)r quantum numbers R = 0, 1, 2 
in the decomposition of (p lljl (x\) </\ 2 ,- 2 (^2) i n (J>3)> 

^ u 2 7 u . u 2 7 u . u 2 , .„ 

A = a + -^6+ — c, Ai = — 6+-c, A 2 = — 6. 6.5 



Using (|6.4| ) we then get 



A Q = (!(!+„)- - ± u 2 -^ f ~ (z) 27 f ~ (x 



a x = (i-v)g-u 



z — x 

f(z) - /» (6.6) 



where we define 



z — x 
A 2 = uQ , 



g(u,v) = ^b(u,v), f(z) = -f(z). (6.7) 

v A z — 1 



For the A/" = 4 case the equations ( |5.34j) can be similarly simplified using the variables 
z, x, as given in (|6.1|) , to three pairs of equations which have the form (|6.2|) , involving 
single partial derivatives with respect to z and x and which are symmetric under z <-> x. 
The corresponding solutions to ( |6.3| ) then involve three initially independent single variable 
functions /j.,2,3, 

1 — z z 1 — X X 

c\ a x - a 3 = fi (z) , ci ai - a 3 = fi (x) , 

2 1 — z x 1 — X 

c 2 + (1 - z) a 2 + t— a 3 = f 2 (z) , c 2 + (1 - cc) a 2 + — ^— a 3 = f 2 (x) , (6.8) 
1 — 2 1 — x 

c 3 + za 2 + -ai = f 3 (z) , c 3 + x a 2 + - ai = f 3 (x) . 

z x 

These may be solved to give relations between any pair of functions of it, v. For instance 
eliminating 01,2,3 it is easy to see that 

1 1 fi(z)-fi(x) 1 h(z)-f 2 (x) 1 h{z)-h{x) 
-ax a 3 = , — a 2 + - a 3 = , a 2 ai = . 

u v z—x v z—x u z — x 

(6.9) 



35 



Either from ( |6.9|) or directly from ( |6.8|) we must have 



fi(x) + + f 3 (x) = k 



(6.10) 



for k = J2i( a i + c i)? a constant. 

In order to discuss the operator product expansion for (x{) tp l2 (x 2 ) in terms of 
operators belonging to the different possible SU(4) representations, which are here la- 
belled by their dimensions R = 1, 20, 84, 105, 15, 175, we must consider the corresponding 
decomposition of the four point function ( |5.23|) , 



2 

r 12 r 34 



R 



where p^ l2laIi are projection operators which are given explicitly in appendix A. In terms 
of (|5.23 ) we have 



u 



10 / 11 



3 \v 



u 



3v 



u 



5 fu 



u a 2 H — o 0,3 + - - ci + uc 3 + — c 2 



3 



it 



6?; 



It 



M «2 H 9 a 3 - 



c 2 



Ai = 20ai + u z a 2 H — 9 as + ( - ci + wc 3 ) + — c 2 

^20 = 
^84 
^-105 

A 15 

^175 = «"a 2 9-03 . 



■it 



it 

2^ 

u 2 



u a 2 H — „- a 3 H c 2 

v v 



u a 2 ^ o 3 - 2 - ci - wc 3 



'IT 



(6.12) 



Assuming ( |5.36|) we have 



A R (u,v) 



A R (u',v'), #= 1,20,84,105; 



i? = 15,175. 



(6.13) 
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Taking account of (|6.8|) we may express Ar just in terms of A105 in the form 



A x = \ {u 2 + 10(1 - v) 2 - 8u(l + v) + 60v)G 

_ io ( i - v) IM^IM + i u ^Mz)-^h(x) 

+ 5w (^) 2 /»-(^) 2 /» _ 5 u /» - f{x) 



z — x 3 z — x 

-20(/ 2 (z)+/ 2 (x))+20fc, 

A20 = \{u 2 + 10(1 - v) 2 - 5u(l + 

_ 5 (1 _ w) h{z)-Ux) + 5 u *=£/ 2 (*) - 2=2/a(x) 



3 z — x 6 2 — x 

5 f(z) - f(x) (6.14) 
3 2 — x 

a 1 /q/i , \r> 3 ~irh{ z ) - -^-hi x ) 

A 8 4 = 3(1 + u) - u)£ - ~m — , 

z ' * z — X 

A105 = w 2 £ , 

Ai5= - (1 - t;) (2(1 + - n)g + 2(1 - v) SJM ~ ^h(x) 

z — X 

u ( 2 -^) 2 h(z) - (^) 2 ; 2 (*) 2u 2 -^m - 2 -^i(x) 



A 175 = - u(l - v)Q + u 



z — X z — X 

Hz)-Ux) 



z — X 



To achieve the form ( |6.14| ), which is convenient for application to the operator product 



expansion subsequently, we use the definitions, 



Hz) = -^h(z) , f(z) = zf 3 (z) - ^-h(z) . (6.15) 
1 — z z — 1 



The symmetry requirements (|6.13|) are satisfied if 



g(u,v) = ±G(u',v'), h(z)=f 2 (z'), /» = -/(*'), z' = —. (6.16) 
v z z — 1 



7. Operator Product Expansion, J\f = 2 

The four point function for quasi- primary fields 0i, <p2, <p3, 4>4 i n a conformal field 
theory has an expansion in terms of the contributions of all fields occurring in the operator 
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product expansion of <^i^>2 and ^3(^4. For simplicity taking = <f>, a scalar field of 
dimension A^, this has the form 



The functions G^(u,v) are analytic in u, 1 — v and represent the contributions arising 
from a quasi-primary operator, and all its derivatives, of dimension A which transforms 
under the rotation group 0(d) in d Euclidean dimensions as a symmetric traceless rank I 
tensor. For the identity operator G^ = 1. Corresponding to xi <-> x 2 or x 3 <-+ x 4 we have 

G ( l\u,v) = (-lYv-^ A - i) G i l\u',v'), v! = u/v , v' = 1/v . (7.2) 

Recently [[T3| we obtained compact explicit expressions, using the variables z, x defined in 
( |6.1|) , in four dimensions which are given here in appendix C. 



With superconformal symmetry the fields appearing in the operator product expansion 
belong to supermultiplets under the superconformal group which link the contributions of 
differing I. We first discuss the TV = 2 case for the four point function shown in ( |5.6| ) and 
analyse the contributions to Ar, as defined in ( |6.5|) , for R = 0, 1,2. For a long multiplet 
whose lowest dimension operator, with dimension A and spin £, has R = the list of 
operators which may contribute to the four point function are (only operators in four 
dimensions with representation (ji, j'2) can appear if j\ = 22 = \& and the U(1)r charge 
r = so this is a subset of the full set of 2 8 (£ + l) 2 fields), 

R = A e (A + l), ±1 (A + 2) £±2, (A + 2)i (A + 3), ±1 (A + 4), 
R=l (A + l) i± i (A + 2)/ (A + 3) £ ±i (7.3) 

R = 2 (A + 2)i . 

It is evident that for R = 2 only a single operator contributes from this supermultiplet. 
Consequently in this case the corresponding contribution, choosing here the overall coeffi- 
cient to be one, is just 

A 2 {u,v)=u^^G^ +2 {u,v). (7.4) 



According to (|6.6|) this gives trivially Q(u, v) = ^G^ +2 (u, v). Setting f(z) =0 this 



then determines Aq and A\ in (pTq). Using the results of appendix C allows Aq,A\ to 
be expressed in terms of a sum of contributions G^ , for suitable A,£, with coefficients 
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depending on A,£. The results are then 

A 1 (u,v)= -u^ A - e ^2G { lX{\u,v) + ±uG ( l-l ) < 



u,v) 



I (A + l + 2) 2 {e+1) 



I (A - I) 2 u 2 G jt-i) (u v 

+ 32(A - £ - 1)(A - £ + 1) U Ga + 3 {U ' V ' 



A (u, v) = u^ A -V \G% (u, v) + ±uG { l\ 2 ( u , v) 

+ 4(A + £ + l)(A + £ + 3) A + 2 1 ' > 

+ (A - £) 2 {l _ 2) 

+ 64(A-£-l)(A-£ + l) A + 2 1 



+ (A + £ + 2) 2 (A-l) 2 {e) 

256(A + £ + l)(A + £ + 3)(A-£-l)(A-£ + l) ^a+ 4 ^J 

(7.5) 

These are exactly the contributions expected in an expansion as in ( |7.1| ) corresponding to 
the operators listed in ( |7.3|) with the constraint that the operators contributing to A\ have 
(— 1) £ differing in sign from those appearing in Aq, A 2 . The conditions (the overall minus 
sign in A\ arises as a consequence of (|7.2|) and the constraint on £ just noticed since the 
positivity requirement applies directly to (x\) Pi 2 j 2 (x 2 ) Pi 3 j 3 ( x s) ^^(xa)) which is 

related to ( |5.6|) by £3 <-> £4 and hence it — > u/v, v — > 1/v) necessary for a unitary theory 
clearly require only A > £ + 1. For a generic TV = 2 supermultiplet the unitarity condition 
for a lowest weight operator with dimension A, belonging to a SU(2)r representation R, 
U(1)r charge r and with j\ = j 2 = \£ is || 

A>2 + £ + 2R+\r\, (7.6) 

and in application to the four point function of interest here r = and R = 0, 1, 2. 

In (|7.5| ) £ = 0, 1 are special cases but the results may be obtained from (|7.5|) by using, 
as shown in appendix C, 

G { - 1} («, v) = , i« G<f 2) (u, 1;) = -<^ 0) (u, v) . (7.7) 

Thus we may obtain for £ = 0, 



A 2 (A + 2) 2 >j2rf(0) 
256(A+ 1) 2 (A + 3)(A- 1) 



+ nccfA . TW^ ^77 ^ ^kl^) ) • (7-8) 
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Unitarity here requires A > 2 in accord with ([7.6|) for R = £ = 0. 



There are also short multiplets in which the spectrum of SU(2)r representations is 
reduced since some superconformal transformations annihilate the operators with lowest 
dimension. For such supermultiplets A and I are related. The contribution of such op- 
erators in the operator product expansion to the four point function involves considering 
the function f(z) which arises in the general solution of the superconformal identities ex- 
hibited in ( |6.6p . The terms arising from the function / may also be written in terms of 
the operator expansion functions G^(u,v) but only in particular cases where A is given 
in terms of £. From the results in ||13|| , as quoted here in in appendix C, the essential 
expression, which matches the form of the contributions appearing in (|6.6|), is 



v) = 9J±M^±M > gi{z) = ( _ i z y-\ F ^ t . 2i; z ) , (7.9) 

with F a hypergeometric function. Using the formulae in appendix C or standard hyper- 
geometric identities this satisfies the crucial relations 

2 - z £ 2 

—g t {z) = -g e -i(z) - (2£ _ 1)(2£+1) 9e+i(z) , 9t(z) = (-l)V(^) , (7-10) 

with z' as in ( |6.16| ). 

We first in (|6.6|) set Q = and therefore 

A 2 (u,v) = 0, (7.11) 



so that there are no contributions from R = 2 operators. If we then choose in (^ 
f(z) = ge+2(z) we would have, by virtue of (|7.9|) , 

Ai(u,v) = -uGf£\u,v). (7.12) 

Using ( J7.1U[ ) in further gives, in conjunction with ( |7.11j ) and ( |7.12| ), 

A (u,v) = \uG^v) + 2(2 /^ )( 2 2 ) ^ 5) ^< + 4 2) (^^) • (7-13) 



The results ( [7. 1 1| ) , ( [7.12| ) and ( |7.13| ) thus represent the contribution of a restricted multiplet 



in which the lowest dimension field has spin I and R = 0, A = 2 + £, saturating the bound 
In both ( |7.12| ) and (|7.13[) the relevant operators have twist, A — £, two. For I = — 1 



these results reduce to 

Ao(u,v) = \uG { p{u,v), A x (u,v) = -wG$\u,v) , A 2 (u,v) = 0, (7.14) 
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in which the R = 1 operator has the lowest dimension. This corresponds to the short 
supermultiplet exhibited in ( [2.10| ) . If £ = instead we get 



A (u, v) = \u G% {u, v) + j^u (u, v) , Ai(u, v) = —uG% (it, v) , A^iu, v) = , 

(7.15) 

which represents the contribution of the supercurrent supermultiplet containing the energy 
momentum tensor (the U(1)r current does not appear in the operator product expansion 
in this case). 



If in (|6.6|) we take / = 1 then 

4> = 1, A 1 = A 2 = 1 (7.16) 
corresponding to the identity operator.i 



Besides the case represented by ( [7.1 If ) , ( [T.12Q and (I7.13Q for any £ there are also other 



restricted supermultiplets, with dimensions not involving a factor 2 8 as in a generic long 
multiplets. A further example may be found by considering the contributions to the four 
point function in the operator prodect expansion obtained by subtracting twice (|7.12 ) and 
(frfU3l) from Q for A = £ + 2. This gives, with ( fTTT|) , the results 



A 2 {u,v) = u 2 Gfl 4 (u,v) , 

2(2£ + 3)(2£ + 5) 



A (u,v) = ^G^v) + ±u*G^\u,v) + 48( J^) 2 (2£ + 5) ^ffefo") » 

(7.17) 

which would correspond to a supermultiplet in which the lowest dimension operator has 
spin £ — 1 and R= 1, A = £ + 3 containing operators of twist 4, 6. For such multiplets the 
bound ( [T.6| ) is again saturated for the lowest weight operator. 

Taking £ = in (|7TT7f) gives 

A (u,v) = w 3 Gg 0) (it, v) , u) = -^u 2 G^\u, v) , A 2 (u,v) = u 2 Gf\u, v) , 

(7.18) 

where the lowest dimension operator has R = 2. For M = 2 the superconformal group 
SU(2, 2 1 2) has short multiplets corresponding to lowest weight operators which are scalars 
with A = 2R, ||, and can be represented as in (|2.10|) , which is the special case when 



6 This can also be realised by ( |7.12| ) and ( [7. 13| ) if £ = —2 since, by virtue of ( [7.7[ ), 
\uG { ~ 2) {u,v) = -2G ( °\u,v) = -2. 
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R = 1, giving 
A 



2-R -R(o,o) 







/ 


\ 




2R+ 4 


/ 


\\ 

— 7T J i 1 n*\ 
2^(2'°^ 

\ 


V 

/ 


— 7T J 1 "\ 
2/(0, 5 J 

\ 


212 + 1 


(R - !)(o,o) 
\ 


/ 


\ 


/ 






3 \ 

" 2)(0,i) 

\ 


(R 
/ 


~ 2)(i,0) 


212 + 2 






" 2 )(0,0) 




r 


1 


1 

2 





1 

2 
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where the representations are denoted by Rfj lt j 2 \ with (j'1,.72) determining the spin, 1? the 
SU(2)r representation and for r the U(1)r charge. The total dimension is 16(21? — 1). 
For R = 2 the operators listed in (|7.19|) with zero r are just those required to give the 
operator product contributions in ( [7.18|) . 



For a general four point function, represented as in ( |6.6| ) , the superconformal operator 
product expansion can thus be written simply as 

g(u 1 v) = J2^AA-^Y^ {A ~ e) G ( l ) +2 (u 1 v) 1 f(z)=A+ aei-lY g i+2 (z) . (7.20) 

A,£ £>-l 

For generic A unitarity requires OA,f > 0. From the above it is sufficient if A = I + 2 to 
impose ai + 2a£ +2 ,£ > 0, for i = 0, 1, . . ., and also A > 0. 



As an illustration we may consider the result for a free theory when in ( |5.6|) we have 
a trivial solution of the superconformal constraints, a = b and c constants. In this case, 
from (|6.3| ) and ( |6.7|) , we have 



u ~ 1 z 2 \ z 



G(u,v) = a^, ^ = % 1+ (I^J- C r3I- ( 7 - 21 ) 



Using our previous results [T3| we have 

(l + t-l)!(l + t)!((t-l)!) 2 £ = 0,1,2... 

a/\e = a2 — — -+ (I + l)(l + 2t) 0a i+it , ■ 7.22 

(2£ + 2t-l)!(2t-2)! v A ; A,*+2t, t = 1}2} ... v ; 

Furthermore, by analysing the expansion of f(z) in powers of 2, 

((£ _|_ 1)!) 2 

A = o, a, + 2a, +2 ,, = c2 £ + l V | 2£ + ^ , £ = -1,0,.... (7.23) 
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Clearly positivity conditions are satisfied for a, c > 0. From (|7.23| ) it is evident that the 
short multiplets represented by ( |7.11| ), ( |7.12| ), ( [7.13| ) and also ( |7.17| ), including the special 
cases ( |7.14|) and ( |7.18| ) , are relevant in the operator product expansion for this free theory. 



8. Operator Product Expansion, J\f = 4 

For the analysis of the operator product expansion for the four point function for the 
simplest chiral primary operators as in (|5.23 ), the implications of TV = 4 super conformal 



symmetry can be derived following a similar procedure as in the TV = 2 case. This depends 
essentially on the representation ( |6.14|) for the contributions of operators belonging to 
different representations of the SU(4)r symmetry. 

We first consider the contributions of long supermultiplets, without any constraints, 
in which the lowest dimension operator is a SU(4)r singlet of dimension A. According 
to || and also section 4 this is the only possibility for generic A. For the case when this 
operator also has spin zero the decomposition of all 2 16 operators into representations 
of SU(4)r and also SO(3, 1), which are labelled (ji, j'2), was listed by Andrianopoli and 
Ferrara |]26|| . Here we are interested in just those operators contributing in the operator 
product expansion to the scalar four point function, which have j\ = j 2 = h^, an d we also 
consider only those operators with Y = 0, corresponding to those occurring in a superfield 
expansion with equal numbers of #'s and #'s. With a similar notation as in ( [7.3| ) these 
operators are 

R 1 15 20 84 175 105 



1 


15 


20 


84 


175 


A 










(A + l)i 


(A + l)i 








(A + 2)0,2 


(A + 2)0,2 


(A + 2)2 


(A + 2)o 




(A + 3) 1;3 


(A + 3) lili3 


(A + 3)i 


(A + 3)i 


(A + 3)i 


(A + 4)0,2,4 


(A + 4)0,2,2 


(A + 4)o,2 


(A + 4)o,2 


(A + 4) 


(A + 5)i i3 


(A + 5) Mi3 


(A + 5)i 


(A + 5)i 


(A + 5)i 


(A + 6)0,2 


(A + 6)0,2 


(A + 6)2 


(A + 6)0 




(A + 7)i 


(A + 7)i 








(A + 8)0 











(A + 4) 



For the case of the lowest dimension operator having spin I we may easily obtain, since 
there are no constraints, the corresponding table by tensoring with £ = 2j. Thus 

in (|8~TD , for any A, we have A -> A £ , A x -> A i±1 , A 2 -> A e±2 ,i, A 3 -> Ai± 3i±1 and 



A4 — > A£±4 j £±2,£- This representation is unitary if A > I + 2. 
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The crucial observation for our purposes arising from (|8J]) is that there is only one 
operator belonging to the 105-representation. We therefore consider the contribution of 
this operator in the operator product expansion by writing 

i4 105 («, v) = u^+^G^u, v) . (8.2) 

According to ( |6.14j ) this now gives Q(u,v) = u^ A ~^G^ +4 (u,v). Discarding f(z) and 
f2(z) we may now determine the remaining Ar from fl6.14j ), in a similar fashion to ( |7.5|) , 
by using the results of appendix C. We give the results in order of increasing complexity. 
For R = 175, 



A 175 (u, v) = u*< A + 2 -4 (2G^ («, v) + \uG^ («, ^ 



(A + l + 4) 2 
8(A + £ + 3)(A + £ + 5) 



+ a , A ■ v r.owV!,. e x («. ») (8-3) 



I (A - 1 + 2) 2 

+ 32(A-£ + l)(A-£ + 3) A + 5 1 ' ' 



For i? = 84, 



A 84 (u,v) = 3u^ A+2 -V (g%> +2 (u,v) + ±uG^(u,v) 



I (A + l + 4) 2 (/+2) 

+ 4(A + £ + 3)(A + £ + 5) A + 4 1 ' J 

I (A-l + 2) 2 U 2^-2) (U , 

+ 64( A - £ + 1)(A - £ + 3) Ga + 4 (U ' Wj 



(8.4) 



(A + l + 4) 2 (A-l + 2) 2 2 (/) 

256(A + £ + 3) (A + £ + 5)(A - £ + 1)(A - £ + 3) A+ 



For = 20, 

A 20 (u,v) = lu^ A - i U4G ( lXl ) (u,v)+uG i l ) +2 (u,v) + I« 2 G^( U , 



+ (A + l + 4) 2 v) 
+ 4(A + £ + 3)(A + £ + 5) WGa + 4 M 

+ , A (A ~^| A 2)2 , r« 3 C(^) + -u 2 GW („,„) 

64(A-£ + l)(A-£ + 3) A+4 v ; 10 A+4K ! 

+ g((A + £+l)(A + £ + 5) + ( A - £ - 1) (A - £ + 3) ) "^+4 ( u > «) 



(A + l + 4) 2 (A + l + 6) 2 j2r ^+2) 
64(A + ^ + 3)(A + £ + 5) 2 (A + £ + 7) A+6 



, (A + l + 4) 2 (A-l + 2) 2 3 w 

256(A + £ + 3) (A + £ + 5) (A - £ + 1)(A - £ + 3) U ^ A +^ u > v > 



+ (A-l + 2) 2 (A-£ + 4) 2 (/ _ 2) . 

+ 2^(A - £ + 1)(A - £ + 3) 2 (A - £ + 5) " Ga + 6 ( ' V) 1 ' ( 
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For R = 15, 



A 15 (u, v) = u^ A ~^ (sG^iu, v) + 2uG ( l-l\u, v) 



+ (A + e + 3)(A + e + 5) Ga + 3 {u ' v)+ (a + £ + i)(a + £ + 5) uGa+s {u ' v) 



+ ( A ~ £ + 1 ) 2 - 3 u*G^ (u v) 



+ 32(A - £ + 1)(A - £ + 3) Ga + 3 Wj 
+ (A + l + 4) 2 (A + l + 6) 2 (/+3) 
+ 8(A + £ + 3)(A + £ + 5) 2 (A + £ + 7) A + 5 1 ' J 

(A + l + 4) 2 ((A-l + l) 2 -3) 
+ 16(A - £ - 1)(A - i + 3) (A + £ + 3)(A + £ + 5) U A + 5 ^ WJ 
I (A-l + 2) 2 ((A + l + 3) 2 -3) 

64(A - £ + 1)(A - £ + 3) (A + £ + 1)(A + £ + 5) A+5 1 ' J 
I (A-l + 2) 2 (A-l + 4) 2 U 4^-3) (U , 

+ 29(A-£ + l)(A-£ + 3) 2 (A-£ + 5) A + 5 1 ' J 

(A - £ + 2) 2 (A + £ + 4) 2 (A + £ + 6) 2 3 
2 9 (A - £ + 1)(A - £ + 3)(A + £ + 3) (A + £ + 5) 2 (A + £ + 7) A+7 1 ' J 

(A - £ + 2) 2 (A - £ + 4) 2 (A + £ + 4) 2 {e _ 1} 
2 n (A - £ + 1)(A - £ + 3) 2 (A - £ + 5)(A + £ + 3) (A + £ + 5) A+7 ' 

(8.6) 

Finally the singlet contribution is 

Ai(u,v) 

- I«*<W60G W f« ^ I 10(A + £ + 2)(A + £ + 4) ( , +2) 

+ 4 „G«> (u v) + 5(A-l)(A-l + 2) «_ 2) 
+ 4wGa + 2 ^ J + 8(A-£-1)(A-£ + 3) a + 2 1 ' j 
15(A + l + 4) 2 (A + l + 6) 2 (m) 
4(A + £ + 3) (A + £ + 5) 2 (A + £ + 7) A + 4 1 ' ' 
I (A + ^ + 4) 2 (<+2) 

+ (A + £ + 3)(A + £ + 5) MGa + 4 M 

5(A-l)(A-l + 2)(A + l + 2)(A + l + 4) w ( uv) + ^ G W (u v) 

+ 48(A - £ - 1)(A - £ + 3) (A + £ + 1)(A + £ + 5) U ^+4^ + 3 « <*a+ 4 1«> ^ 

I (A-^ + 2) 2 U 3 C (/-2) (U , 

+ 16(A-£ + l)(A-£ + 3) M Ga + 4 M 
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I 15(A-l + 2)2(A- 1 + 4)* 

+ 2!«(A - £ + 1)(A - £ + 3) 2 (A - i + 5) A+4 1 ' J 

5(A - l)(A - I + 2)(A + I + 4) 2 (A + £ + 6) 2 2 ( , +2) 

+ 128(A -£ - 1)(A -£ + 3)(A + £ + 3)(A + £ + 5) 2 (A + £ + 7) A+6 1 ' J 
(A-f + 2) 2 (A + £ + 4) 2 w 
64(A-£ + l)(A-£ + 3)(A + £ + 3)(A + £ + 5) A+el ' J 

5(A-l + 2) 2 (A-l + 4) 2 (A + l + 2)(A + l + 4) 4^-2), s 

2 n (A-£ + l)(A-£ + 3) 2 (A-£ + 5)(A + £ + l)(A + £ + 5) " A+6 

15(A - £ + 2) 2 (A - £ + 4) 2 (A + £ + 4) 2 (A + £ + 6) 2 4 {l) 

2 14 (A-£ + l)(A-£ + 3) 2 (A-£ + 5)(A + £ + 3)(A + £ + 5) 2 (A + £ + 7) " A+8lU ' Vj 

(8.7) 

It is evident that these results correspond exactly to what would be expected for a long 
multiplet whose lowest dimension operator is a singlet of spin £. The symmetry conditions 
( |6.13|) , using ( |7.2|) , require £ to be even. 

For later use a more succinct notation is useful so the An are assembled as a vector, 

A = (A u A 15 , A 20 , A 84 , A 175 , A W5 ) , (8.8) 
and then the equations flO]), (jOD , (|8^), (gg), ( gg ) and (g77|) are expressed as 

A(u,d) = W(v), (8.9) 

defining implicitly the vector <?a,£- 

If £ = then the above results are valid if we use (|7.7|) and also 

w 3 G^~ 4) (u, u) = -64G^ } («, v) , w 2 G^~ 3) (u, u) = -16G^ } (u, v) . (8.10) 

The corresponding results are then 

A 105 (u,v) = u^ A+ ^G^ +4 (u 1 v) 1 

A 175 (u,v) = J^(2G^ +3 (u,v) + 8(A ( f 3 ^ 2 +5) "Cff-sK")) , 
A 8A {u, v) = (3G<£Uu, v) + i6(z f ^±iL uG ^ (u> w) 



3(A + 4) 2 ^ (2) 3(A + 2) 2 (A + 4) 2 2 (0) 

+ 4(A + 3) (A + 5) ^+4^' WJ + 256(A + 3) 2 (A + 5)(A + 1) U U ±+^ v 

A 20 {u, v) = (™G^ +2 {u, v) + 12( f ^ 3 +f + 5) uG^Uu, v) 
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I A ( A + 4 ) U 2 G (Q) (uvU 5(A + 4) 2 (A + 6) 2 2 (2) \ 
+ 16(A - 1)(A + 5) ^ G a+4^> + 192(A + 3)(A + 5)2(A + 7) u b A+ 6 W 

A 1B («,tO - + (A+ A 3KA 4 +5) ^^-) + 2(A + 3KA 2 + 5) uG ^ (tt ' t,) 



(A + 4gA + 6f (3) A 2 (A + 4) 2 (1) 

8(A + 3) (A + 5) wG a+5^ 5 + 32(A _ i)( A + 3) (A + 5 ) u g a +5 ^ v) 



I (A + 2) 2 (A + 4) 2 (A + 6) 2 
+ 29(A + 1)(A + 3) 2 (A + 5) 2 (A + 7) ^a+7^ V) 

M u, v) = u ^( 2 o G <°)( u „) + + ^a-Ta + + 3) " g ^'"- 

5(A + 4) 2 (A + 6) 2 (4 ) (A-2)(A + 6) (2) 

+ 4(A + 3) (A + 5) 2 (A + 7) G a +4 (^ + 48(A + 1)(A + 3)2(A + 5) uG A+4^ * 

+ A 2 (A + 2) 2 (A + 4) (0) 

+ 16(A-l)(A + l)(A + 3)(A + 5) u a +4 ^J 
I 5A(A + 2)(A + 4) 2 (A + 6) 2 (2) 
+ 384(A - 1)(A + 3) 2 (A + 5) 2 (A + 7) ^+6^. WJ 

I A ( A + g) U 3 C (Q) , * 

+ 29(A + l) 2 (A + 3) 2 (A + 5) 2 ^A+e^^J 



+ 014/A I TWA I OWA , CWA I ^ U G A + sK U ) ) • I 8 " 11 ) 



5(A + 2) 2 (A + 4) 2 (A + 6) 2 _ 4 ^ (0) 
2 14 (A + 1)(A+ 3) 3 (A + 5) 3 (A + 7) 



The different contributions correspond exactly with those expected according to ( |8.1|) with 
I restricted to be even or odd for the 1, 20, 84, 105 or 15, 175-representations. 

We now turn to an analysis of the of the contributions corresponding to the functions 
f(z), / 2 (^) in ( |6.14|) . As in the M = 2 case these are associated with operators in which 
A is related to £. First if we restrict to only the contribution of the term k in ( |6.14| ) we 
have, setting k = 1, 



Ai = 20, A 105 = A 175 = A 84 = A 2Q = A 15 = A(u,v)=l, (8.12) 



where X = (20, 0, 0, 0, 0, 0). This is obviously the contribution corresponding to the identity 
operator. 



If we consider now in ( |6.14| ) just the function / we must have 

A 105 = A 175 = A 8 4 = . (8.13) 
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Assuming f(z) = g£ + i(z), in the notation of (|7.9| ), we have using ( |7. 1Q| ) , 



A 20 (u,v) 
A 15 (u,v) 

Ai(u,v) 



uG)L(u, v) 



5 ..M*) 

»(*-!), 



2 ^ ( "' v) + (2l+l)(2l + 3) ^ («, «) 



5uG^ 2) («,v) + 



10^+1) 



uGfh(u, v) 



+ 



3(2£-l)(2£ + 3) 
5(£+l) 2 (£ + 2) 2 



(<+2). 



(2£ + l)(2£ + 3) 2 (2£ + 5) £+4 



5.14) 



The results given by (|8.13| ) and ( |8.14j ), with the notation in (8J5), may now be written as 



A(u, v) = Be,(u, v) 



5.15) 



defining the vector Bt. The operators which give ( |8.14j ) in the operator product expansion 
have twist two and to comply with fl6.16| ) I must be even. 

If we consider I = in ( p. 14 ) this gives 



A 20 (u,v) 
Ai(u,v) 



luG { 2 °\u,v), 
±uGf\u,v)- 20. 



A 15 (u,v) = luG ( 3 1] (u,v) 



.16) 



The term —20 in A\ corresponds to the identity operator so that from ( |8.15| ) and ( |8.12| ) 
this may be written as 



Bq(u,v) = B Q (u : v) -1. 



5.17) 



The result given by Bq then represents precisely the contribution in the operator product 
expansion of the basic short multiplet exhibited in (|2.15|) where the lowest dimension 
operator is belongs to a SU(4)r 20-representation with A = 2. The expression for A% 
arises from the energy momentum tensor in the operator product expansion and for A15 
from the SU(4)r conserved current. 

For f 2 the results are more involved. We first take f2(z) = ge+ 2 (z) in Q6.14T ) with £ 
even to ensure ( |6.16|) holds. By virtue of ( [7. 10|) this leads to f 2 being a linear combination 
of gt, g e+2l g e+4 . Using ( |7.10|) and also 



g t (z) + gi(x) = -2 Gf (u, v) + \ uGf ' l) (u, v) + 



(*-2), 



2(2£-l)(2£ + l) 1+2 



uGfl 2 (u,v), (8.18) 
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which is derived in appendix C, we may then obtain 

A 105 (u,v) = 0, A 175 (u,v)=uG[% 1 \u,v), A 20 (u : v) = f G ( e % 2) ( 

A 8 4 (u, v) = § uG { e %(u, v) + 2(2£ + 3)(2£ + 5) uG ^ ] ^' ^ ' 

a ( \ An^+ X )( \ , 4(£ + 2) 2 ^(£+3), \ 
A 15 (u,v) =4G e+1 J (u,v)+ + 3 + 5 G\ +3 {u, v) , 



u, V 



10(l + 2) 2 (l + 3) 2 (m) (8-19) 
+ (2£ + 3)(2£ + 5) 2 (2£ + 7) e + 4 { ' j 



■-' ' ( ' J 2(2£-l)(2£ + 5) UGl+2{U 
3(£ + l)(£ + 2) 2 (£ + 3) 



2(2£+l)(2£ + 3)(2£ + 5)(2£ + 7) £+4 
5(£ + 2) 2 (£ + 3) 2 (£ + 4) 2 , i+4) 



uGf^\u,v) 
uG ( /+ G 4) (u, v) 



2(2£ + 3)(2£ + 5) 2 (2£ + 7) 2 (2£ + 9) 
For this case these results define the vector Cg so that ( |8.19| ) becomes 



A(u,v) = Ci{u,v) . (8.20) 

The results ( |8.19| ) are not acceptable in isolation since the corresponding operators 
do not satisfy the necessary unitarity conditions. This precludes any operators with twist 
A — £ = 0. To eliminate such terms, and also to obtain positive coefficients, we consider 
the combination 

(£ + 2) 2 

V e = Ga - 2C e - B e - , „ T, k rBw, (8.21) 

(2£ + 3)(2£ + 5) + ' V ! 

which removes all twist and twist 2 terms. The detailed results for T>n are then 
Ai 05 (u, v) = u 2 Gfl A {u, v) , 

A 175 (u, v) = yGf-V (u, v) + 2(2 /^ )( 2 2 } £ 2 +5) ^< + 5 1} («, v) + i u^Gf-V (u, v) , 

A 84 ( W , v) = \ u 2 G ( e %(u, v) + ± W 3 G? + - 2) («, «) + 16(2 ^ ^ - 5) u 3 Gg 6 (u, «) , 

A 20 M) = ^G&fW) + TI4 u 3 G e + 4 2) (u,v) + ^u 2 G ( £ %(u 1 v) 

I 5 U 2 G W Cu v) 5(l + 2) 2 (l + 3) 2 u2g (/ + 2), , 

+ 24(2£ + 1)(2£ + 5) e+4[ ' J + 12(2* + 3)(2£ + 5) 2 (2£ + 7) £ + 6 1 ' J 

+ U4(2£ + 3) {21 + 5) U Ge + 6 432 M ' 
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(2£ + 3) 2 -3 3 1 4 (^_ 3 ) 

+ 48(2l+l)(2l + 5) W M + 560 u («. «) 



+ (* + 2) 2 (* + 3)' U 3 G?+ D fu ^ 

+ 24(2£+3)(2£ + 5) 2 (2£ + 7) £ + 7 1 ' J 

I (I + 2 ) 2 4^-1)/ \ 

+ 360(2£+3)(2£ + 5) W ' 
Ai(w,v) = Jii 2 G£! 4 (u,v) + i w 3 G^_~ 2) (w, v) + ju u4g i+4 ( u i v ) 

+ 36(2£+3)(2£ + 5) £+el ' J + 216(2£+l)(2£ + 5) 1 ' } 

+ 144(2£+3)(2£ + 5) 2 (2£ + 7) " ^+8^' ^ ll > 

For £ = 2, 4 . . . these results correspond to the lowest dimension operator having A = £ + 2, 
belonging to the 20-representation, with maximum dimension A = £ + 8. £ = is again a 
special case. Using ( |7.7| ) and (|8.10|) we obtain 

Mos[u, v) = u 2 Gf'(u,v) , Ai 75 (u,v) = ^u 2 G^\u,v) , A%±[u,v) = ±u 3 Gf\u,v) , 
A 20 (u 1 v) = -§ uG< 0) (u, u) + ^ u 2 G£ 2) (u, u) , 
A 15 (u,u) = -luG$\u,v) + w 3 G^(m,w) , 

«) = -| «Gf( W , v) + 2m u * G s ] («, u) ■ (8-23) 

The negative terms present in the results for A\, A15, A20 in (|8.23| ) are just those corre- 
sponding to the short supermultiplet built on the scalar with A = 2 belonging to the 
20-representation, as given in ( |8.16| ). Thus we may write 

V = -B +V , (8.24) 

where the terms in T>q then represent the contribution for a lowest dimension scalar op- 
erator with A = 4 belonging to the 105-representation. This is a chiral primary operator 
and the contributions to T>q correspond exactly to the short supermultiplet operators with 
Y = for this case, as listed in appendix B for p = 4. 

When A = £ + 2 the contributions given by the operator product expansion in Qa,i 
can also be decomposed since we may write 

g e+2i e = 4B £+ 2 + £e, (8.25) 
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where Eg corresponds to operators with twist > 4. The detailed results for Eg are then 
given by 

A 105 (u,v) = u s Gfl 6 (u,v) , 

A 175 («, v) = 2 u 2 G { t % l) («, t/) + | ^G&l 1 ' («, t/) 

(1 + 3) 2 u 3 G (^+l)/ n , J_ U 4 G (<-1)/ x 

+ 2(2£ + 5)(2£ + 5) m ^'^ + 30 w ^+7 
A 84 (^) = 3u 2 Gg 4 (u,t;) + J« 3 Gg 6 («,t;) + T^f^^TT) ^^^^ 

+ ^ w 4 G (^-2)x x | (1 + 3) 2 4 (£) , , 

+ 20 « ^^ + 20(2£ + 5)(2£ + 7) W ^+8^'^' 

5((2£ + 5) 2 -3) 3 w , 4 (^_2), , 

+ 24(2l + 3)(2l + 7) " ^+ 6(W ' " } + 35 u G i+6 («> «) 

I 5(l + 3) 2 (l + 4) 2 u 3^ + 2) (u , , (^ + 3) 2 4 W , , 

+ 12(2* + 5)(2£ + 7) 2 (2£ + 9) 1+8 1 ' J + 36(2£ + 5)(2£ + 7) i+8[ ' J 

+ 5fe w5G £~8 2) ( w ^)' 
A 15 (u,u) = 2u 2 Gg.- 1) (u,i;) 

+ (ig% 5 fc 3 7) ( "' W) + * K V) + » (W ' W) 

+ 2(l + 3) 2 (l + 4) 2 u 2 G (m) , v) + 3(£ + 3) 2 3 

+ (2e + 5)(2£ + 7)H2£ + 9) U ^' Wj + 10(2€ + 5)(2€ + 7) u M 

(2l + 5) 2 -3 4 G (^-l) f ^ . _3_ u 5 G (^-3) r x 

+ 60(2£ + 3)(2£ + 7) ^ G ^+ 7 ^'^+i400 wG m 

+ d + 3) 2 (l + 4) 2 U 4 G (^) + 3 ^ + 2 ) 2 U 5 G (^D ,„ ^ 

+ 30(2£ + 5)(2£ + 7) 2 (2£ + 9) £ + 9 1 ' J + 1400(2£ + 5)(2£ + 7) 1+9 [ ' J ' 
Ai(u, u) = | w 2 G^ 4 (w, «) + J w 3 Gf + " 2) (^ v) 

+ 4 ^ + 3 ^ u 2 G^(u v) + ^ + 5 ) 2 ~ 3 U 3 G W (u v) 
+ 3(2£ + 5)(2£ + 7) W G ^+ 6 (W '^ + 6(2£ + 3)(2£ + 7) W 

+ i ^ 4 <" 6 2) («, ») + do ^ 5 <" 6 4) («> ») 

I ^ + 3 ) 2 u 4 C ffl (u | (l + 2 Xl+3) u 5 C (^2) (Tf , 

+ 45(2£ + 5)(2€ + 7) W ^+ 8 ^' Vj + 280(2£ + 3)(2€ + 7) e+8 [ ' J 

3(£ + 3) 2 (£ + 4) 2 ffl 
+ 560(2£ + 5)(2£ + 7) 2 (2£ + 9) " ^+ 10 Vj ' ( ^ bj 

In this the lowest dimension operator occurs in the 15-representation with A = £ + 3. 
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I = is again a special case. In this case ( |8.26|) reduces to 



A 105 (u, v) = u 3 G { ° } (u, v) , A 175 (u, v) = 2 u 2 G { ^ (u, v) + ± u 3 G^ (u, v) , 
A 84 (u, v) = 3 u 2 Gf ] (u, v) + ± ^G^ (u, v) + % u 2 G {2) (u, v) + JL u 4 G^ (u, v) , 
A 20 (u, v) = f u 2 G^ ] («, v) + ± u 3 G^ (u, t;) + ^ u 3 G { ^ (u, v) , 

A 15 (u, v) = § («, t/) + U « 2 4 3) («, t/) + ^ W 3 4 1} (u, v) + ^ W 4 G« (u, v) , 

A\ (u, v) = ± u 3 G { ° ] (u, v) + j^ ^G^ (u, v) + ^ u 4 G { ° ] (u, v) + ^ u 5 G% ] (u, v) . 

(8.27) 

Thus for Sq the lowest dimension relevant operator is a scalar belonging to the 84- 
representation with A = 4, corresponding to a well known short multiplet. 

As a result of the above considerations we expect in general expansions of the form 

g(u,v) = a±,t u^-^G^u, v) , 

AA (8.28) 
f( z )=^2 b £9t+i{z), f 2 (z) =J2 c e9e+2(z), £ = 0,2,4..., 



where, along with k, a A ,g, bg, eg determine the operator product expansion coefficients for 
all Ar since we may write 

A(u, v) = kl & &e{u, v) + eg d{u, v)) + 2J cla,i Ga,i( u > v ) ■ (8.29) 

£ A,£ 

If we use ( |8.17[ ), ( |8.21| ), ( |8.24[ ), assuming eg + 2ag t g = as is necessary for unitarity, this 
may be rewritten in the following form 



5.30) 



A(u, v) = CI + b Bq(u, v) + d V (u, v) + e £q{u, v) 

+ 2J (di Vg(u, v) + eg Eg{u, v)) + ) j d A ,£ Qa,i{u, v) , 

£>2 A,£ 

where 

U + 2) 2 

C = k-b G + \c G , dg = -\cg, eg = -\bg +2 + \cg +2 + 8 ( 2 i + 1) (21 + 3) ° e ' ^' 31 ^ 
and cia,£ is identical with a A ^g save that dg^g = and dg +2 ,g = ci£+2,£ — eg. In the first 



line of (|8.30|) the contribution of various short multiplets is explicit. The range of scale 
dimensions and spins of the sets of operators which contribute to the different terms in 
( |3.30|) are summarised in the following table, 
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lowest 


weight operator 


A max 


£ ■ 


f 


R 


A 


spin 


Ga £ 


1 


A 


£ 


A + 8 


£-4 


£ + 4 




20 


£ + 2 


£-2 


£ + 8 


£-4 


£ + 2 


s t 


15 


£ + 3 


£-1 


£ + 10 


£-4 


£ + 3 


Bo 


20 


2 





4 





2 


V 


105 


4 





8 





2 


So 


84 


4 





10 





3 



As an illustration of these results we consider the free case when a± = a,2 = 0,3 = a 
and ci = C2 = C3 = c are both constants. From ( |6.12| ) and ( |6.14| ) we then have 



Q(u, v) = a( 1 + \) + c - , 
and from (^T^) and QO^) , 

k = 3(a + c) , 

/>) = a(z 2 - z' 2 ) + c(z - z') , f 2 (z) = a(z 2 + z' 2 ) - c(z + z') , z' 



(8.32) 



(8.33) 



z-1 



The expansion coefficients in (|8.28 ) for this case may be determined in terms of our previous 



results |l~3|| , 

,(£ + ty.(£ + t + mt\) 2 



0,2 



°^ = y x wrm rw ^(^ l )(^ 2 ^ 2 )+ c (- l ) t J^^ , ; (§-34) 

and also 

^ = 2 £+1 -^H(£+l)a + c), Q = -2^^±i|((£ + l)(£ + 2)a + c), £ = 0,2.... 

(8.35) 



Clearly the condition 2a^ + q = is satisfied and in (|8.30|) we have by using ( |8.31[ ) 



C = a , 6q = 2c . 



(2£+l)! 



((£ + l)(£ + 2)a + c) 



e ^ = 2 '727W^ + 1)(£ + 4)a -^ 



(8.36) 



and furthermore 



(^+2)!f 
(2£ + 4)! 



(8.37) 
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9. Results for Weak Coupling and Large N 



We show here how the results just exhibited in general in section 7 for the operator 
product expansion may be used to recover and extend previous results [JTTjj obtained in an 
analysis of perturbative corrections to the four point correlation function in (|5.23|) . It is 
convenient first to rewrite the solution of the superconformal identities in the form 



ai = \N 2 + \NuF, a 2 = \N 2 + \NF. 
Cl = N(l + l(l-v-u)F), c 2 = N(l- 
c 3 = N(l-±(l-v + u)F). 



a 3 = 



\N 2 + \NvF. 



u 



(9.1) 



Here we have used the normalisation convention of ( |3.8|) and also, following [101, assumed 
that the contributions corresponding to the functions /i,2,3 are given just by free field 
results. The non-trivial dynamical results are therefore contained in the function T{u, v) 
which for (|5.36| ) and ( |5.35|) must satisfy F{u,v) = J^iy.u) = T{v! , v')/v. From ( |6.12| ) and 
( |6.14|) we have 

(9.2) 



G(u, v) = \N 2 (l + + N i (l + \ uT{u, v] 



The contributions of short supermultiplets to the operator product expansion are 
therefore given just by the free results and we use the formulae obtained in section 7 with 
a = ^iV 2 , c = N. Denoting the operator product coefficients for operators in representa- 
tion R by e the identity operator and the three short multiplets are given, from ( |8.36| ) , 
by 



a, 



0,0 



20 
*2,0 



3 iv 



<o = ^ 2 (l-|), ai° 5 = iiV 2 (l + i), (9.3) 



N< 



where we have absorbed the relevant coefficients from (|8.16|) , ( |8.27j ) for R = 20, 84. There 
are also infinite sequences of unrenormalised operators associated with the coefficients 
di, ei ( |8.30| ) which correspond to 



a £+5,£+l — N Z 2 



3(2£ + 5)\ 

((^ + 4)!) 2 
(2£ + 8)\ 



(l(£ + 3)(£ + 4) + Vj 



l(£ + 3)(£ + 6) + 



N 



(9.4) 



The formulae (|9.3|) and (|9.4|) are in agreement with the results in |TT] . 

The 0(g 2 ) result for the four point function in ( |5.23| ) in a SU(N) M = 4 supercon- 
formal theory, when N = N 2 — 1 is the dimension of the adjoint representation, has been 
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calculated by various authors [2?,28 : 2£]- It is reducible to a standard conformal integral 
giving for T 

9 2 N 



An' 



(9.5) 



where, using the variables z, x defined in (|6.1| ) 



z — x 



If 1 — z 

Inzx In h 2Li 2 (z) — 2Li 2 (x] 



1 — x 



(9.6) 



with L12 the dilogarithm function. The \nu = Inzx term in ( |9.6| ) generates a shift in 
the dimensions of long supermultiplets, the dilogarithm terms generate a series which is 
analytic in u, 1 — v. To analyse the consequences of the lnu term we expand 



u 1 ,1 — 2 
In 

v z — x 1 — X 



By matching terms in a power series expansion we find 



(2£ + 2t + 2)!(2t)! ^ j ' 

((£ + t)!) 2 (t + l)!t! * 1 
€M (2£ + 2t+l)!(2£)! ^ j 



£ = 0,2... 
£ = 1,3,... 

£ = 0,2... 
t = 2,4,.. 



(9.7) 



(9.* 



For long multiplets the dimensions of the lowest weight operators in each supermulti- 
plet may be written as 

A t/ = 2t + £ + r] t/ , t = 1,2,... , £ = 0,2,.... (9.9) 

We first consider t = 1. Using (|8.37| ), with c = N, then the perturbative results give 



1+2 



e+2 1 

AiV = 2^-A, (9.10) 



a e+ 2,2 pi J 



which is the result given in the introduction in (|1 . 1|) . Note that ryi o = 3A, r\\^ 



A, ^1,4 = f§A which coincide with the results of Anselmi |T7[]. For £ = this corre- 



25 

6 ''^ ~~ 10 

sponds to the Konishi supermultiplet. This and also 77^2 were obtained in |TT| by analysis 
of the perturbative four point function, but here there is no need to separate carefully 
the contributions of the three free field theory A = 4, I = 2 operators, which include the 
energy momentum tensor and a descendant of the Konishi scalar operator. For t > 1 we 
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just quote the large iV result based on the tacit assumption that there is just one long 
supermultiplet contributing to the operator product expansion in each case, 



16 ^V^l X £ = 0,2... 

nt,e - TT-^TT-^T-l^ 2^ ~ ~m > t = 3, 5, . . . 



+ !)(£ + 2t + 2) j N 2 



16(t + l) Al A £ = 0,2 

m,t ~ ~ (£+!)(£ + t + !)(£ + 2t + 2) ^JlP ' t = 2,4, 



(9.11) 



These results correspond to 'double trace' operators. 

We now consider the analogous results for large iV and also large A which may be 
obtained from supergravity calculations on AdS$ x S 5 using the AdS/CFT correspondence. 
Arutunov and Frolov |18| calculated the leading large N behaviour of the the four point 
function for chiral primary operators in the 20-representation which is expressed here in 
the form ( |5.23 ). As shown in appendix D their result may be simplified to the form given 
in (|J]) with 

T{u,v) = -2D 222A {u,v) , (9.12) 

where -DaiA 2 a 3 a 4 (u, v) are functions of the conformal invariants u,v which arise from 
Feynman type integrals on AdS space. For our purposes we make use of the analysis in 
JDJ to write 

D 2224 (u,v) = ± F (2,1; 4; 1 - v) + G(u,v) ulnu + 0(u) , (9.13) 

where the discarded terms are analytic in u, 1 — v. From [|13|]0 the function G has the 
expansion 

1 y (^ (3U(2U rXa + m)_ 

The In it terms in ( |9.13j ) are absorbed by a shift in the scale dimensions of the operators 
appearing in the operator product expansion. To determine these we first expand 

2 

^G(u,v) = Y J ~^v t G[% t+A {u,v). (9.15) 



7 In terms of the results in |T3|] we have D^22i{u, v) = H(2, 1, 0, 4; u, v) = uH(3, 2, 2, 6; u, v) 
and G(u, v) = -|G(3, 2, 2, 6; u, 1 — v ). We may also express G more explicitly by 



120m; 2 12?;,.. A , 1 



G(u,v) = + — (l + u + v) In 



(z — x) 7 (z — x) 5 I 1 — x 

60uv 



2 / 

,, v l + v - u) + - — (1 + v)(l + v - u) + I6v 
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By using the expansion ( |9.14| ) the coefficients may be determined iteratively and can 
then be fitted to the formula 



■>£-2 



(t-1 



t\ (t + 2)\(£ + t)\(£ + t+l)\ £ = 0,2... 

(2t - 1)\ {2£ + 2t + 1)\ ' t = 2,3,... 



(9.16) 



Assuming a single lowest weight operator for a long representation for any A, £ the order 
1/N 2 corrections to the dimensions in (|9.9| ) may be determined from r/ tj £ = —2N 2 it^/a&^ 
where ciaj is given by ( |S.34|) for t = 2, 3 . . . and a 

4(t-l)t(t + l)(t + 2) _L_ 
(£ + l)(£ + 2t + 2) N 2 ' 



IjV 4 

4 1 * 5 



(9.17) 



For t = 2 this coincides with the result of Hoffman, Mesref and Ruhl who considered 
the four point function involving, in our notation, the descendant fields $ and $. For the 
simplest case, t = 2, £ = 0, 772,0 = — 16/iV 2 was derived earlier in [31] and also from the 
results of in [0. 



We may also take account of the first term in ( |9.13| ) by expanding 
—F(2, l;4;l-t>) =^&< uGfl 6 (u, v) + higher twist . 



(9.18) 



1=0 



or equivalent ly 



\F% 1; 4; z) = ^ h(-\zYF(£ + 3, £ + 3; 2£ + 6; 



which gives 



^=0 



(2£ + 4)l 



0,2, 



(9.19) 



(9.20) 



The contribution to aA,e in (|8.28| ) is then —biN 2 for A = £ + 2. This just cancels &£+2,e 
in ( |8.37[ ) which is a reflection of the fact that the supermultiplet containing the Konishi 
scalar and its partners disappear from the spectrum in the large iV limit [l!| . 



10. Discussion 



We have endeavoured to show in this paper the exact compatibility with supercon- 
formal identities for the four point function of chiral primary operators belonging to the 
simplest short representations of M = 2 and M = 4 superconformal symmetry with the 
representation content of the various possible supermultiplets of operators which may con- 
tribute in the operator product expansion. In both cases the superconformal identities are 
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solved in terms of a single function Q(u, v) of the two conformal invariants which may be 
expanded in terms of operators belonging to long supermultiplets whose lowest dimension 
operator is a singlet under the appropriate R symmetry group with arbitrary A. This is 
in agreement with the analysis of three point functions in ||],j5|||. In our case the analysis 
depended on the result that for such supermultiplets there was just one operator contribut- 
ing to the operator product expansion belonging to the R = 2 representation for M = 2 
and the 105-dimensional representation for M = 4. Although we have not shown in detail 
the impossibility of incorporating alternative long multiplets in the operator product ex- 
pansion for the four point functions here it is clear, from the structure of ( |6.6| ) and ( |6.14| ) , 
that for contributions for general A alone it is impossible to have operators with a finite 
range of dimensions and spins if any other representation is assumed to contain just one 
operator. 

In addition the contribution of possible short supermultiplets involve the single vari- 
able functions which are present in the solution of the superconformal identities. The 
arguments of Eden et al [|10| show that such contributions have no perturbative correc- 
tions and are essentially given by the results for free field theory. Thus for M = 2 we 
have exhibited the contributions for lowest weight operators scalars with A = 2R 1 for 
R = 1,2, and for M = 4 for chiral primary operators belonging to the [q, p, q] represen- 
tation, A = p + 2q, for the relevant cases here of q = 0, p = 1, 2 and q = 2, p = 0. The 
terms appearing in the operator product expansion tie in with the expected representation 
content.il For these short representations the crucial restrictions arise at the first level. 

There are also contributions for arbitrary spin £ which arise for M = 2 when the basic 
inequality ( |7.6| ) is saturated for R = 0, 1, r = 0. For Af = 4 the corresponding unitarity 
inequality for a lowest weight operator with spin I belonging to the [q,p, (^-representation 
is!, 

A>2 + £ + p + 2q (10.1) 

In the results in section 8 we have found contributions to the operator product expansion 
when this is an equality for I even for the 20-dimensional representation, p = 2, q = 0, 
represented by 2^+2, and for I odd for the 15-dimensional representation, p = 0, q = 1, 
represented by £g+i. The necessity for a protected operator in the 20-representation with 
A = 4 was first shown in [12]. The full supermultiplet structure does not seem to have 
been exhibited in these cases but our results seem to imply that they do not correspond 
to a full long supermultiplet with dimensions proportional to 2 16 . The constraint on the 
dimensions is perhaps an extension of the condition that the conservation condition on 
a current is only compatible with conformal invariance in d-dimensions if A = d — 1. A 
related discussion Af = 4 supersymmetric theories is given in |33[ . The simplest example in 



For a recent discussion of short multiplets with q ^ in Af = 4 theories see |3 
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this context is the supercurrent multiplet in M = 2 superconformal symmetry \ . With 
a similar notation to ( |7.19| ), where the representations are denoted by R(j 1 j 2 ^ this has the 
structure 



A 

2 



J(o,o) 



5 1 1 

2 2(1,0) 2(0,1) 



0(i,o) Oji,!,, 1(1,1, 0,0,1, (10.2) 

\ / \ / 



7 1 1 

2 2(1,1) 2(1,1) 



\ 



( 



1,1 



1 \ o -i -l 

This contains the conserved currents for U{2)r symmetry and the conserved energy mo- 
mentum tensor as well as the conserved spinorial supercurrents so that there are 24 bosonic 
and 24 fermionic degrees of freedom. There is however no shortening at the first level, so 
there is no BPS-like condition in this case, although shortening appears at level 2. The 
operators appearing in ( |1U.2| ) for r = match those necessary for the operator product 
expansion results for the four point function in (|7.15|) . In general when (|10.1|) becomes an 



equality there are possible constraints on superfields [|33| which may imply shortening at 
level 2. 

A remaining issue is whether the conditions derived in section 5, and solved in section 
6, exhaust all the implications of superconformal symmetry in these cases. This seems 
highly probable in that the conditions derived reflect directly the shortening conditions 
at the first level in the supermultiplets to which the chiral primary operators belong but 
although they are necessary there is no guarantee of sufficiency as yet. Of course in the 
future it would be very nice to investigate more general correlation functions than those 
considered in this paper. 
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Appendix A. 577(4) formulae 

The link between the 4-dimensional indices and the 6-dimensional indices 

r, s, . . . is given by the antisymmetric gamma matrices, 

lr J = — lr , Irij = \^ijkllr'^ 1 (A-l) 

where we impose the completeness/orthogonality relations 

lr J lsij = 45 rs , lr J lrkl = 4 5 [ \ 5 J \ =>- Irijlrkl = %£ijkl ■ (A.2) 

It is then easy to see that we have the usual 7-matrix algebra 

Iris + Islr = -25 rs l , 7 r 7 s + 7 s 7 r = -25 rs l , (A.3) 
with 1 the 4x4 unit matrix. These 7-matrices also satisfy 

l[rlsltlulvlw] = 1 Srstuvw 1 , (A.4) 

involving the six dimensional antisymmetric symbol. This leads to the useful relations 

l\rlsltlulv] = "i ^rstuvwlw ? l\rl sltlu] = 9^ ^rstuvwlvlw 1 

(A.5) 

l[rlslt] ^-rstuvwlulvlw ■ 

For discussion of the four point function for the 20-dimensional representation formed 
by ip rs it is also convenient to define a basis by C* 8 = Cf r , C£ r = satisfying 

C^ S C/ S = 5 IJ , C^gC^ = ^(S ru S sv + 5 rv 5 su } — | S rs S uv . (A. 6) 

For the correlation functions of tp 1 = Cl s ip rs the relevant invariant tensors are then 
tr(C h C l2 . . . C In ) = C Ilh - In = C 1 " 1 "- 1 - 11 = C 1 " 11 - 1 — 1 , (A.7) 
and we also define 

C^ /2 - J " = Cj. a C niI *- In = (C h . . •C / ") (rs) - ±5 rs C hh - J " . (A.8) 

Since [0,2, 0] (8) [0, 2,0] = [1,2, 1]© [0,4,0] ©[2, 0,2] ©[0,2,0] ©[1,0, 1]©[0, 0,0] (20x20 = 
175 + 105 + 84 + 20 + 15 + 1), the four point function (tp^ip^ip^ip 14 ) may be decomposed 
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into six irreducible representations for which the associated projection operators! are 



JDI1I2I3I4 
TDI1I2I3I4 

p/1/2/3/4 

p/1/2/3/4 
-^84 



3/1/2/3/4 
105 



p/1/2/3/4 
r 17b 



which satisfy 



I_ 6 hl2 5 hl4 



_3_ 

10 



1^/1/2/3/4 _ Qhhhh\ 

((jhhhli _|_ (jhhhh^ L§ I ^ I 2 § I 3 I 4 

1^/1/3^/2/4 + 5/2/35/1/4) + ^5/1/25/3/4 
_ 2^/1/3/3/4 _ 1^/1/2/3/4 _|_ (jhhhh^ 
1^5/1/35/2/4 + 5/2/35/1/4) + ^5/1/25/3/4 
+ 1^/1/3/2/4 _ ^(QhhhU _|_ Qhhhh^ 

I/5/1/35/2/4 _ 5/2/35/1/4) _|_ 1^/1/2/3/4 _ (^/2/l/3/4) 



(A.9) 



phhU p/J^/3/4 x p/1/2/3/ 



R 



RR lJ - R 



p/1/2/3/4 _ 5/1/35/2/4 

J? 



plju 

R 



R. (A.10) 



For the product of the fermion field VVi an d its conjugate we have [0, 1, 1]®[1, 1, 0] = 
[1,2,1] © [2,0,2] © [2,1,0] © [0,1,2] © [0,2,0] © [1,0,1] © [1,0,1] © [0,0,0] (20 x 20 = 
175 + 84 + 45 + 45 + 20 + 15 + 15 + 1). Hence in the four point function (<i/v^ s ^V J ) we 
may construct six invariant tensors, 



r r f J =(5 rs i + ^7^ 



" rs 

rp(2)IJ 

rs 
j>(3)/J 



f (4)JJ 
rs 



rp(5)IJ 

rs 

rp(6)IJ 



C IJ 4- 1-7 -7 C JJ + ±C 7J 7 7 
^rs ~ 6 ' r < u us ~ 6 ru < s ' 

(C 7 C J )[ rs ] + §7r7u(C C )[«s] + |(C / C J )[ri;]7i;7s 
+ 4g^ £-rsuvtw{C C )[ut)]7t7w 5 

5 rs (C 7 C J )[^]7 u 7„ + |7r7u(C / C J )[i ts ] + ^(C / C J )[ r ^7 ?; 7 s 

+ 24 ^ ^-rsuvtw (C C )[wu]7i7w 5 

C 7 7 tC j 

ru lu 1 v vs ' 



(A.11) 



C J 7 7 c 7 . 
For each term in ( |A.11|) we have 

7 T (n)7J = 

I r rs 



rj-i(n)IJ 



Is 



0. 



(A.12) 



7"( 2 ) correspond to the contribution of the singlet, 20- representation while T( 3 ),T( 4 ) 



9 With a different normalisation these were given in [12]. 
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arise from the two 15-representations. For the analysis of the four point function we need 

TlT 1 J C« S% = - \8"C*% + \ {CH K + C}!K)% + \ {D»* + D( IK ) , 
T% )IJ C K % = \{Cli« - Ci:«)% + UDV K - D J r IK ) + , 
f^ U C t K s l s = - (Clj* - Cil")% + %(Di/« - D?«) + %E?» 
t£ )U C k % = - 5 JK d s% - (Cl J s K - Cif J ) % - Di JK + Di KJ + E, 



(A.13) 



UK 

r 



where 



IS ) 



Di JK = (c J c J c K ) [rs] + \{c I c J c K ) [ts] ^ rl a s 

K JK = Cl [t (C J C K ) w] % lu % + \{C J C J C K - C'C K C J ) [u] %w a 



(A.14) 



which necessarily satisfy, from ( |A.12| ), r y r D^ JK = -f r Ef. JK = 0. As a consequence of ( |A.lij| ) 



it is more convenient to use a basis where 

T (3)IJ _ J_ (oAf(3)IJ _ fr(4)/J\ T (4)ZJ _ 1 ( ? f(3)IJ , f(i)IJ\ I a i vS 

rs 36 V u rs ^rs }l ^ rs 3 V rs ~ ^ rs J ) 



which from ( |A.13| ) satisfy 



r 

T$ IJ C? 8% = D 1 /* - D J r IK + IE?" 



(A.16) 
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Appendix B. Superconformal Short Multiplets 



The component fields in four dimensional Af = 4 supersymmetry may be denoted by 
[k,p, q](j 1 ,j 2 ) where [k,p, q] are the Dynkin labels for the SU (4) i?-symmetry representation 
and (ji, ]2) label {2ji + 1) (2j2 + 1) dimensional representations of the Lorentz group. For 
a short multiplet of the superconformal group starting from a scalar [0, p, 0] field with 
dimension A = p the field content is obtained by superconformal transformations e (S) 
and e (\), following BH|, as follows 



A 

P [0,p,0]( ,o) 

/ \ 

/ \ / \ 
/ \ / \ / 



p+§ [0,p-2,l] ( i , I 1 '"- 2 ' '..,*) lo-f-^'l.i.n [l,p-2,0] (ol) 

2 ll a' U) 11^-3,21(1,1) [I,J-M ( 1 „ 1 ' l "'?> 

/ \ / \ / \ / \ 
p+2 [o,p-2,o] (0 , 0) [i,p-3,i],.,., rai:-:;;ran ^p-^h.D [°,p-2.<)W) 

\ / \ / \ 

\ / \ / 

\ / \ 

P+I [l,P-4,0] ( o,l) [0.P-4 



,1) 




,0) 




\ 


/ 


[l,p- 


3 >%,l) 


/ 


\ 


4) 
i> 


[0,p 


\ 


/ 

-3,0](i, ) 


[o, P - 


-4,2] (0 ,o) 







P+4 [0,p-4,0] (0 ,o) 

y 2 § 1 I _i_i-|_2 

(B.l) 

This representation has dimension 2 8 x j2P 2 (p 2 — 1) for p = 2, 3, . . .. We may note that 
_Lp2^2 _ ^ _ dj m [o,p _ 2 5 0] which may be understood since the whole supermultiplet 
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may be generated from the representation with Y = 2 using e ia supersymmetry transfor- 
mations, the dimensions of the representations in each column add to ( 8 _ 8 4 y) j^P 2 (p 2 — 1)- 

The lowest weight operator, belonging to the [0, p, 0]-representation, can be repre- 
sented by symmetric, traceless tensor, <p ri .„ r . The closure of the superconformal algebra 
follows directly from the considerations of section 4, from (|4.1| ) , (f4.9| ) and (f4.11| ) , and if 

<fyVi...r p = -H(r p A 1 ...r p . 1 ) + ^(n...r,,_i7rp)e , (B.2) 

where ipi ri ... rp _ ia and ip l ri ...r p ^ 1 a belong to the [0,p— 1, 1] and [l,p — 1, (^-representations 
respectively. From ( [4.2a, jj) 



^VVi . . .r p _i a ^^adV-Vi ...r p _is 7s^ ~t~ 2p .. .r p „ i s 7s^7a "I - • • • 
fo/Vi...rv_ia = e^Ts id ct c t <Pr 1 ...r p _ 1 s - 2p<Pr 1 ...r p _ 1 sV a 7s + ••• 

so that we may then obtain 



;b.s) 



[5 2 ,5l]v? ri ... rp = -V-dif ri ...r v -p\<p ri ...r p +ipi(r p \s¥r 1 ...r p _ 1 )si (B.4) 

with the notation of ( gTTg ) and ( g3g ). 

Following the discussion in section 4 we may also for completeness consider super- 
multiplets with the lowest weight operators belonging to (j, 0) or (0, j) spin representa- 
tions and rederive the usual shortening conditions on A for these cases. Thus for a field 
$ J ai . ,_ a2 . = $ / (ai...a 2 j) transforming according to a (j, 0) representation (|4.1|) is extended 
to 

=^*"a 1 ...a Jtf +A Z iQl ... a2 ,^t^. (B.5) 

The relevant superconformal variations of ^^ Ql a2j . and ,.. a2j p are then 
^ia,..a, = (2 - ^) ^u<I'! 1: + 2(A - 2j) ^...^ + 8J ^ 2J ) 

- (r„) 7 j$i 1>->a3j 7[r7s]^ +a^(a 1 /3$ / /3 |a 2 ... a2j ) ^ 

- ^ (^r S ) J j(^^/3^i 1 ... a2 , - ai0(a 1 /3$0|« 3 ...a 3 y)) 7[r7 S ]^ + ■ • • ,(B.6a) 
^ai...a 2j )3 = - + 2 A $ 7 Ql ... Q2j 7^ + (Trs) 1 ./*^...^, ^7[r7s] 

~^^T[r7.] (^ s ) I j(^^^$i 1 ... a2 . -ata (ai ^| aa ... a2j) )+... (B.66) 

with T rs the appropriate S?/ (4) generators and the coefficients v, a are given by 

A(A + j-l) 2Aj 
17 (A + i)(A-i-l)' a (A + i)(A-i-l)' 
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The form of QB.6a, b ), with ( |B.7| ), is determined by the requirement of closure of the algebra 



[52,5i]^ a ,.. Q2j = -H + AAX... a2j +2ji (Ql % Q2 ... a2j) + tf r .{T r .) I j*i 1 . 
with notation as in ( 2.18 ) and ( |2.19| ), and also by requiring 



■ a 2 j ' 

(B.i 



(B.9) 



for e' defined in @ and, as in (|2J) with and ( 



^^...^ = - M + AA)$ ; ai ... a2j +2jw (ai ¥ /3|a2 ... a 
M 1 , 



12 j, 



/3 ai...a 2 j 



(LA 



«1 ■■■Ol2j$ 



_ (,,.0 + (A+ |)A)^ ai ... a2 . +2i^ a ^ 7|ai ... a2 .) + <V* J 7Ql ... a2 . , 
- + (A + |)A)A J ai ... a2 .^ + 2j ^ (Q 7A 7|ai ... Q2j)/ 3 - A 7 Qi ... Q2j ^ Qip . 



(B.10) 



As a consequence of ( |B.66| ) it is easy to see that multiplet shortening occurs if, sup- 
pressing the now irrelevant spinorial indices, 



2A^ I r]+(T rs ) I j^ J rJ 1[r % ] 



(B.11) 



does not span the full representation space. As an illustration we consider the [k, 0, q]- 
representation so that, similarly to ( |4.12| ), — > (p l ji' Z j q and 



(T rs ) 7 j$ J (7[ r 7 s ] ) 1 j - 4kS^^XVi - W^j, Jh H ) "(*"«) ^Jlj ■ (B- 12 ) 



It is then easy to see that in ( |B.11| ) that if 



2A = 3q + k 



(B.13) 



then the [k, 0, g+ ^-representation does not appear on the right hand side of ( B.65 ) allowing 
^ I ia 1 ...a 2j p ^° ^ e restricted to the [k, l,q — 1] and [k — 1, 0, gj-representations. 



Appendix C. Recurrence Relations for Conformal Partial Waves 



In four dimensions we recently |I3| derived an explicit formula for the contribution of 
a quasi-primary operator of dimension A and belonging to a (j, j) representation under the 
Lorentz group including all its derivative descendents to a four point function for scalar 
fields (0i(a:i)02(^2)03(^3)04(^4))- Assuming for simplicity the dimensions of 0i satisfy 
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Ai = A2, A3 = A4 and letting £ = 2j the contribution of such a conformal block is given 
by u^ A ~^G^(u,v) where 

G f ( u , V ) = _L_ ( ( _ \ z ) l zF (§ ( A + 1) , \ ( A + 1) ; A + t;z) 

z — x \ y z ' — z (CI) 



X 



F(|(A-^-2),i(A-£-2);A-l-2;a;) -z^x 



where the conformal invariants are as in ( |5.1|) and z, x are defined in (|6.1[) . Formally the 
definition ( |C.1| ) extends to £ < and it is easy to see that then 



(\uf "g^^v) = -Gt 2 \u,v). (C.2) 

Using ( |C2| ) it is straightforward to obtain ( |7.7| ) and ( |8.10| ). 

The crucial results obtained here depend entirely on the following relation for hyper- 
geometric functions of the form which appear in (|C.1|) , 

{l-\z)F{\8,\8;8;z) 

= F{\8-l,\8-l;5- 2; z) + - ^ - ^ 2 F(^ + 1, \8 + 1; J + 2; z) . 

(C.3) 

This is easily verified by considering the power series expansion of both sides, or using 
combinations of standard hypergeometric identities. 

For A = £ + 2 ( |C.1| ) gives directly ( [7.9|) . For A = £ we have, with the definition of gg 
infD, 

^(2) - '^9i(x) 



> , , 2-x t N ((M) 



Z — X 

With the aid of ( |7. lCj ) , which follows from (|C.3| ), we may obtain (p. 18 ). 



Other identities also follow from ( |C.3| ). To derive a relation for — 1(1 — v )G^(u, v ). 
we first obtain 



\2 



8(A 



+ /-l)(A + € + l) MG ^ )(M ' t,) 



x F(|(A - £ - 2), § (A - £ - 2); A - £ - 2; x) - z <-> x' 
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and hence, since 1 — v = z + x — zx, 

- I (1 - v)G$ («, V ) - 16(A J^)(A + l + l) - («, v) - J« G^ J) («, „) 



^- (z 2 ( - - ±x)F(±(A + £), i(A + £); A + £; z) ( C - 6 ) 

F(i(A-£-2),i(A-£-2);A-£-2;x) - 2 x V 



X 



Using (|C.3| ) once again then gives 

-id - v) G f(u,v) = g^;»(«,«) + 16(A+ , (A ^r + , +1) "gi < :: ) (".") 

i M^- 1 )/ \ , (A-£-2) 2 2 

+ ^ G a-i (^) + 64(A-I-3)(A-M) " g a+i ( u » v )- 

(C.7) 

We also consider similarly |(1 + v)G^ (u, v). We first obtain 

G { l +2 \u, v) = -L- (z 2 ( - ±z)' +2 (l - ±x)F(±(A + £), i(A + I)- A + £;z) 

x F(|(A-£-2), ±(A-£-2);A-£-2;x) - « «-> x) 

(A ~ £ ~ 2)2 , 7 « 2 g a1 2 (^ «) , (C8) 

64(A-^-3)(A-£- 1) A+2V ' !l y ! 

and hence, with = (1 + v) — (1 — |x)(l — = vtt, 



4(A + £-l)(A + £ + l) V A 64(A-£-3)(A-£-l) 



- ^)'(l-ix)F(i(A + £-2),i(A + £-2);A + £-2;^) 

x F(i(A-£-2),i(A-£-2);A-£-2;x) - z <-> x V (C.9) 
With the aid of ( |(J.3| ) once more we may then derive 

id + „)g« ( u,„) = i uG <?( U ,,) + 4(A+< ( ^ ( f +<+1) gr '(".«) 

+ (A + Q'(A-<-2)' (() 

256(A + f-l)(A + «+l)(A-«-3)(A-«-l) 

+ C > + M (A-l'3y " 2 G -~ 2) ^ "> ' (&10) 
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As a consistency check it is easy to verify that (|C.7|) and ( |C.10 ) are invariant under 
and we may also check compatibility with ( |7.2| ). 



The results ( |d?D and flCTOQ are also true for £ = 0, 1 by using ([777]). Thus (|UT0| ) 
implies 

±(l + v)G { l\u,v) = 4(A _ + 1} G ( l\u,v) 

I A 2 (A-2) 2 (0) 

+ 256(A - 1) 2 (A + 1)(A - 3) V) 

+ Gf_ 2 (u, v) + J^I^^^ G^iu, v) . (C.ll) 

For further application in the text we also use ( |(J.10| ) and flC.7| ) twice to calculate 
i (1 + v) 2 G { £ ( u ,v)-l(l- v) 2 G ( l ] (u, v) giving 

(u,v) = G%_ 4 (u,v) 



2(A + £-3)(A + £ + l) A " 2 v ' ' 32(A-£-5)(A + £-l) 

(A + l) 2 (A + l + 2) 2 (m) 
16(A + £-l)(A + £+l) 2 (A + £ + 3) A 



+ (A-l) 2 (A-£-2) 2 .^-4), v) 

+ 2 12 (A - £ - 3)(A - £ - 1) 2 (A - £ + 1) 1 ' J 

((A + £-l) 2 -5)((A-£-3) 2 -5) (<) 
^ 64(A + £ - 3)(A + £ + 1)(A - £ - 5)(A + £ - 1) A 1 ' ] 
( A + £) 2 (A + £ + 2) 2 ((A - £ - 3) 2 - 5) {e+2) 

2 9 (A + £ - 1)(A + £ + 1) 2 (A + £ + 3)(A - £ - 5) (A - 1 - 1) A+2 ' 
(A-£) 2 (A-£-2) 2 ((A + £-l) 2 -5) u 4 C «-2) fu ^ 

2 i3(A - £ - 3)(A - £ - 1) 2 (A - £ + 1)(A + £ - 3) (A + £ + 1) A+2 1 ' J 
, (A + l) 2 (A + l + 2) 2 (A-l) 2 (A-l-2) 2 4 (<) 

2 16 (A + £ - 1)(A + £ + 1) 2 (A + £ + 3)(A - ^ - 3) (A - £ - 1) 2 (A - £ + 1) ^ A + 4 ^ 

(C.12) 



Appendix D. Simplification of strong coupling result 



By virtue of the AdS/CFT correspondence Arutyunov and Frolov [18] calculated 



the four point function (|5.23j ) in the leading large N limit for large g 2 N. The result 
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is rather complicated and expressed in terms of conformal integrals over AdS with four 
bulk/boundary propagators. We here define the corresponding functions of it, v Da 1 a 2 a 3 a 4 
by, 



ntir(A,) j_ n r ddx fr ( z \ 



(D.l) 

E-A1-A4 E-A3-A4 
ri4 r 34 , s 
s^at — a; ^>a 1 a 2 a 3 aA u ^ v ) 



ri3 r 24 



where 



N 

2 



iJ2 A *- ( D - 2 ) 

i=l 

In ( p.l| ) -DaiA 2 a 3 a 4 is independent of the dimension d. The D-functions satisfy the 
identities 

Da x a 2 a 3 A 4 (u, v) = £>e-a 3 S-A 4 2-Ax e-a 2 (u, v) (D.3a) 

= v~ A2 D Al a 2 a 4 A 3 (u/v, 1/v) (D.36) 

= ^ A4 - E D A2AlA3A4 ( W /f,l/^) (D.3c) 

= iA+ A4 " E D A2 Al A4 A3 («, u) (D.3d) 

= £>A 3 A 2 Ai A 4 (v, it) (D.3e) 

= u A *+ A ^ D Ai A3 A2 Al (ix, v) , (D.3/) 

which reflect permutation symmetries of the basic integral in ( |L) . 1| ) . We also have the 
relations 

(A 2 + A 4 - E)L> Al a 2 a 3 a 4 (u, v) = D Al a 2 +i a 3 A4+1 {u, v) - D Al+1 a 2 a 3 +i a 4 (u, v) , 

( Ai + A 4 - E)D Al Aa As Aa (it, v) = D Al+1 Aa As A4+ i (u, v) - vD Al A2+1 Aa+1 Aa (it, v) , 

(A 3 + A 4 - T,)D Al A2 As Aa (u, v) = D Al Aa As+ i A4+ i (it, v) - uD Al+1 A2+1 Aa A4 (it, v) , 

(DA) 

and 

A 4 £> Al Aa Aa a 4 (w, u) = fA 1 A 2 A 3 +lA 4 +l(«,«) +fA 1 A 2 +lA 3 A 4 + l(«,«) _ . 

— 

+ -DAi + 1 A 2 A 3 A 4 + l(u, v) . 

There are also relations which arise since if A3 = the integral (p.l|) reduces to a three 
point function. Thus 

A 2 ^ Al a 2 a 3 a 4 I A2=0 = r(E - Ax)r(E - A 3 )r(E - A 4 ) , (D.6) 
and by using ( P.3a|) we have 

(e - a 4 )d Ai A2 A3 A4 | E _ A4=0 = r(Ai)r(A 2 )r(A 3 ) . (d.7) 
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From (p.5| ) and the sum of eqs.( D.4 ) this may be rewritten as 

(-DAi + 1 A 2 A 3 + l A 4 + uD Al + 1 a 2 + 1 A 3 A 4 + vD Al A2 + i As + 1 A 4 ) | a 4 =A! +A 2 +A 3 

= r(A 1 )r(A 2 )r(A 3 ). 



(D.8) 



For compatibility with superconformal symmetry the results obtained in [18| by using 
the AdS/CFT correspondence must be expressible in the form ( |9.1| ) in terms of a single 
function T. This was demonstrated by Eden et al [JTO] by direct calculation starting from 



(D.9) 



D XX xx{u,v) = $ {1) (u,v) 



where is given here by ( |9.6| ). We show here that this requirement also follows from 
the above D identities and that the resulting expression for T may be simplified to a single 
D function. 



For ax in ( |5.23|) , with the normalisation conventions as in (|9.1| ), expression obtained 
in |TH] may be written in terms of D functions in the form 



a 



x = \N 2 + \Nu 2 {- D 221 x + 3^2222 + (1 + v - u)D 3322 ) 



Using (|D.3,f|) this gives from (|9.1| 



T = —Dxxii + 3uD 2222 + (1 + v — u)D 



2233 



Now using (p.4| ) to eliminate u, v from ( p.llj ) and also for D2233 — -D1324 we get 



J~ — ~ 4L>n22 + 5D1133 — -D2123 — -D1223 + -D1324 + -D3124 — -D1144 ■ 



(D.10) 



(D.ll) 



(D.12) 



From (|D.5|) we may obtain L>i 32 4 + -D3124 - -D1144 = 3(_D 2 i23 + -D1223 - -D1133) - 2.D2224 



so that (P-12|) becomes 



T = -4D 1122 + 2(D 113 3 + D 2123 + D 1223 ) - 2D 



2224 



-2D 



2224 



(D.13) 



using ( p.5| ) again. Thus we obtain (|9.12| ) where T is reduced to a single D function. The 
result of |TH] for ci may similarly be expressed as 



ci = N(uv(D 22x1 + 2D 2 2^ - 3^2222) - v(l - v)D 2222 

+ |(-Dl212 + D 2 X2X - £>2112 - vD 122 x) + u <-> v) 
= N(2uv(D 223 3 + -D3223) + (v 2 + u 2 - v - u - 6uv)D 2222 
+ (u + v)D 121 2 + (u- v)(D 2 xx2 ~ Dxi 22 )) , 



(D.14) 
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using ( p.3a(, e,"J|) . To simplify ( p.!4j) we first consider the terms with E = 5, 

2uv(D 2 233 + D 3223 ) = - uD 3214 ~ vD 1234 — (u + v)D 2123 + uD 3113 + vD 1133 , 
-UD 32 14: - ^1234 = (u + v)D 222A + uD 231A + ^1324 - 3U-D 2 213 ~ 3wL>l223 (D.15) 
= 1- (1-U- v)D 2224 ~ 3^2213 ~ 3wL>i223 , 



where in the last line we have used ( p.8|) for Ai = A3 = 1, A2 = 2. The E = 4 terms may 



then be written using (|D.4|) as 



■(it + W)-D2123 + W-D3113 + vD 1133 - 3uD 2 213 - 3^-Di223 + (v 2 + V? ~ V - U - 6uv)D 2222 
= -(u + v)(D 2213 + D 12 23 + D 1313 ) +(U- 2v)(D ll33 + D 12 23 + £>2123) 
+ (V - 2u)(D 3113 + L>2213 + ^2123) 

— (u — 3v)D 1122 - (v - 3w)_D 2 ii2 + (u + v)D 1212 . (D.16) 



Using (|D.5|) the E = 3 terms cancel leaving just the result in (|9.1|) with ( |9.12| ) again 



It is perhaps worth noting that if JF is expressible as a single D function then the 
symmetry properties ( p.3c, e| ) determine 

T{u, v) = K D 1+s i +s i +s i +3s (u, v) , (D-17) 

depending on a single parameter s, which includes both the weak and strong coupling 
results for s = 0, 1. 
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